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Abstract 



^^ We apply the Dirac gauge fixing procedure to Chern- Simons theory with gauge group 

, IS0(2, 1) on inanifolds R x S, where S" is a punctured oriented surface of general genus. 

-Y-s For all gauge fixing conditions that satisfy certain structural requirements, this yields 

an explicit description of the Poisson structure on the moduli space of flat IS0(2, 1)- 

connections on S in terms of classical dynamical r-matrices for iso(2, 1). We show that 

the Poisson structures and classical dynamical r-matrices arising from different gauge 

fixing conditions are related by dynamical ISO (2, 1)- valued transformations that generalise 

i^H the usual gauge transformations of classical dynamical r-matrices. By means of these 

Cd transformations, it is possible to classify all Poisson structures and classical dynamical 

C r-matrices obtained from such gauge fixings. Generically these Poisson structures combine 

1—^ classical dynamical r-matrices for non-conjugate Cartan subalgebras of iso(2, 1). 

(N 
> 
0\ 1 Introduction 

O 

\o 

>/~J Moduli spaces of flat connections on punctured Riemann surfaces and their quantisation 

ff^ are of interest to both mathematics and physics due to their rich mathematical structure 

^^ and their links with a variety of topics from geometry, algebra and gauge theory. Prom the 

I physics perspective, a major motivation for their study is their role in Chern-Simons theory. 

!| Moduli spaces of flat connections can be viewed as the gauge-invariant or reduced phase 

• ^H spaces of Chern-Simons theories. Their quantisation is thus related to structures arising in 

rN the quantisation of Chern-Simons theory such as quantum groups, aspects of knot theory P7] 

C^ and topological quantum field theories. Another important feature of the theory is its relation 

to three-dimensional gravity [U [361 EE] • 

The quantisation of moduli spaces of flat G-connections and their relation to quantum Chern- 
Simons theory are well understood for the case of compact, semisimple Lie groups G. In this 
setting, quantisation can be achieved via many formalisms, and most of these formalisms 
involve the representation theory of a quantum group, namely the g-deformed universal 
enveloping algebra Uqi^g) at a root of unity. In the case of non-compact non-semisimple Lie 
groups, the quantisation proves more difficult. Although there are partial results on the 
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quantisation of these cases via analytic continuation |4Uj and results for specific Lie groups 
[321 IHl EOl E3 ES] , there is currently no general framework to address this case. 

Prom the viewpoint of Hamiltonian quantisation formalisms, these difficulties are related to 
the fact that Chern-Simons theory and the associated moduli spaces of flat connections can 
be viewed as constrained Hamiltonian systems. In the non-compact setting, representation- 
theoretical complications lead to difficulties in the implementation of the constraint operators 
in the quantum theory. It therefore seems advisable to also consider other approaches to the 
quantisation of moduli spaces of flat connections with non-compact gauge groups. This includes 
in particular "quantisation after constraint implementation" approaches, which proceed by 
first applying the Dirac gauge fixing formalism to the classical theory and then quantising 
the resulting Poisson structure. However, besides partial results for SL(2,C)-Chern-Simons 
theory [101 [El 132] , this avenue has not been pursued yet. 

An independent mathematical motivation for investing gauge fixing procedures related to 
moduli spaces of flat connections arises from Poisson geometry. Such gauge flxing procedures 
can be interpreted as the Poisson counterpart of symplectic reduction. Moduli spaces of flat 
connections played an important role in many interesting developments in this subject such as 
Lie-group-valued moment maps, see [2] and the references therein. Moreover, the symplectic 
structure on the moduli space can be characterised in terms of certain Poisson structures 
from the theory of Poisson-Lie groups. Gauge fixing in this context has been shown to give 
rise to classical dynamical r-matrices in some cases |2H [20] . 

In this article, we undertake a systematic investigation of Dirac gauge fixing for the moduli 
space of fiat IS0(2, l)-connections on a Riemann surface Sg^n of general genus g and with 
n > 2 punctures. Our choice of the group IS0(2, 1) = 804.(2, 1) >< M^ is motivated by the fact 
that it is an example of a non-compact non-semisimple Lie group and that Chern-Simons 
theory with gauge group IS0(2, 1) is closely related to (2-1-1) -gravity [H 155] . 

Our starting point is a description of the moduli space of flat IS0(2, l)-connections on Sg^n in 
terms of a Poisson structure on the direct product Vext = ISO (2, l)"+29 due to Alekseev and 
Malkin [3] and Fock and Rosly \n\ . It is shown in [3 122] that this Poisson structure is given in 
terms of certain Poisson structures related to Poisson-Lie groups and after reduction induces 
the canonical Poisson structure on the moduli space. In the case of the group ISO (2, 1), this 
Poisson structure is given by the direct product of n copies of the dual Poisson-Lie structure 
on IS0(2, 1) and 2g copies of the cotangent bundle Poisson structure for S0+(2, 1) [3D]: 

Pext = IS0(2, 1)* X . . . IS0(2, 1)* X T*(S0+(2, 1)) x . . . x T*(S0+(2, 1)) . 

n X 2g X 

From the physics perspective, the Poisson manifold ("Pcxt) { i }) can be viewed as a constrained 
system with a set of six flrst-class constraints from which the moduli space and its symplectic 
structure are obtained after constraint implementation. This allows one to choose appropriate 
gauge flxing conditions and to apply the Dirac gauge flxing procedure [151 [l6] to this Poisson 
structure. We explicitly compute the resulting Poisson bracket for a large class of gauge flxing 
conditions and investigate the resulting Poisson structures. This yields our flrst central result: 

Theorem. For suitable gauge fixing conditions, the Dirac gauge fixing procedure applied to 
("Pext)! ) }) gives rise to a Poisson structure on M? x IS0(2, 1)""^+^^ which is determined 
uniquely by a solution of the classical dynamical Yang-Baxter equation. 

In particular, we find that this Poisson structure on E? x IS0(2, 1)"~^+^^ is given by a 
formula directly analogous to the original Poisson structure on Vext- The only difference is 



that the classical r-matrix in the original definition is replaced by a solution of the classical 
dynamical Yang-Baxter equation for iso(2, 1) whose two dynamical variables parametrise 

M2 c M2 X IS0(2, l)"-2+2<y. 

We then investigate the relation between the Poisson structures and solutions of the classical 
dynamical Yang-Baxter equation that result from different choices of gauge fixing conditions. 
This leads to our second central result: 

Theorem. All solutions of the classical dynamical Yang-Baxter equation obtained from gauge 
fixing are related by dynamical ISO (2,1) -valued transformations that generalise the gauge 
transformations of classical dynamical r-matrices from 1191/ . All such solutions are locally 
equivalent to one of two standard solutions corresponding to Cartan subalgebras o/iso(2,l). 

The second statement of the theorem refers to an interesting feature of our solutions that does 
not appear to have been observed in the literature yet. The solutions of the classical dynamical 
Yang-Baxter equation that arise from generic gauge fixing conditions are not associated with 
a fixed Cartan subalgebra of iso(2, 1) but combine classical dynamical r-matrices for two 
non-conjugate Cartan subalgebras of i5o(2, 1). 

Our paper is structured as follows. Section [2] contains the basic definitions, notation and 
conventions used in the remainder of the paper. Section |3] summarises the physics background 
and motivation of this work. It can be skipped without loss by the reader unfamiliar with this 
or interested mainly in the mathematical results. It contains a brief discussion of Chern-Simons 
theory on manifolds of topology M x Sg^n and of the moduli space of flat connections on Sg^n as 
a reduced or gauge-invariant phase space of Chern-Simons theory. It then explains the Dirac 
gauge fixing formalism and its relation to symplectic reduction and discusses the constraints 
and gauge fixing conditions imposed to obtain the moduli space. 

Section |4] contains the first central result of this article, namely the explicit description of the 
Poisson structure resulting from Dirac gauge fixing for a general set of gauge fixing conditions. 
We show that the resulting Poisson structures are associated with solutions of the classical 
dynamical Yang-Baxter equation and discuss examples arising from specific choices of gauge 
fixing conditions as well as two simple standard solutions associated with Cartan subalgebras 
of iso(2,l). 

In Section p] we introduce dynamical IS0(2, l)-transformations which can be viewed as 
transitions between different gauge fixing conditions. We determine the associated transfor- 
mations of the Dirac bracket and show how they can be interpreted as transitions between 
different solutions of the classical dynamical Yang-Baxter equation. In that sense, the dy- 
namical ISO (2, l)-transformations generalise the gauge transformations of classical dynamical 
r-matrices in [19] . We then apply these dynamical transformations to give a complete clas- 
sification of the classical dynamical r-matrices and Poisson structures obtained from gauge 
fixing. Section |6] contains the outlook and our conclusions. 

2 Notations and conventions 

We denote by cq = (1,0,0), ei = (0,1,0), 62 = (0,0,1) the standard basis of M.^ and 
use Einstein's summation convention throughout this paper. Unless stated otherwise, all 
indices run from to 2 and are raised and lowered with the three-dimensional Minkowski 
metric rj = diag(l, — 1, — 1). By Eabc we denote the totally antisymmetric tensor in three 



dimensions with the convention £912 = 1- For vectors x,y £ M^, we use the notation 
r]{x, y) = X ■ y = ')]abX°"y^ ^ind x^ = x ■ x, and we write x Ay for the vector with components 
(a; A 2/)° = e XbVc- Note that this is a Lorentzian version of the wedge product which does 
not coincide with the standard one. 

We denote by 804.(2,1) = PSL(2,M) the proper orthochronous Lorentz group in three 
dimensions and by 5o(2,l) = sl(2,M) its Lie algebra. In the fohowing, we fix a set of 
generators {Ja}a=o,i,2 of 5o(2, 1) such that the Lie bracket takes the form [Ja, Jb] = ^ab'^'^c- As 
the representation of PSL(2,M) by S0+(2, 1) matrices coincides with its adjoint representation, 
we denote both representations by Ad in the following: 

g ■ Ja ■ g-' = Ad{g)\Jb V5GS0+(2,1). 

The Poincare group in three dimensions is the semidirect product IS0(2, 1) = S0+(2, 1) >< M'^ 
of the proper orthochronous Lorentz group S0+(2,l) and the translation group M^. We 
parametrise elements of IS0(2, 1) as 

(n,a) = {u,0)-{l,-j) = {u,-Ad{u)j) with -u G S0+(2, 1), j, a G M^ 

The group multiplication law then takes the form 

(ni,ai) • {u2,a2) = {uiU2,ai + Ad(ui)a2). 

A basis of the Lie algebra i5o(2, 1) is given by the basis {Ja}a=o,i,2 of so(2, 1) together with a 
basis { -Pa }a=o, 1,2 of the abelian Lie algebra M'^. In this basis, the Lie bracket takes the form 

[Ja, Jb] = ^ab^ci [Ja, Pb] = ^ab^c, [Pa, Pb] = 0, (1) 

and a non-degenerate Ad- invariant symmetric bilinear form on iso(2, 1) is given by 

{Ja, Jb) = {Pa, Pb) = 0, {Ja, Pb) = Vab- (2) 

All Cartan subalgebras of iso(2, 1) are abelian and can be parametrised in terms of two vectors 
x,y £M.^ with x'^ G {1, —1} and a; • y = as 

f) = span{x"P„, xV, + y^Pa} (3) 

If the vector x is timelike {x'^ = 1), then the associated Cartan subalgebra i) is conjugate 
under the adjoint action of IS0(2, 1) to spanjPo; >^o}- If ^ is spacelike {x'^ = —1), then f) is 
conjugate to spanjPi, Ji}. Note that the set ([s]) with a lightlike vector a; G M^ {x"^ = 0) does 
not form a Cartan subalgebra of iso(2, 1) because it is not self-normalising. 

In the following, we will also need the right- and left-invariant vector fields on ISO (2,1) 
associated with a basis {Ta}a=o,...,5 of iso(2, 1). They are given by 



Lam = i 



t=o or 



/(/i-e"") V/gC°°(IS0(2,1)), (4) 



where e : iso(2,l) — t- IS0(2, 1), a? M- e^ is the exponential map for IS0(2,1). For the 
basis {Ja, Pa}a=o,i,2, we denote by Pa,P^, respectively, the right- and left-invariant vector 
fields associated with the translations and by J^, Ja the ones associated with the Lorentz 
transformations. The former act trivially on functions that depend only on the Lorentzian 
component of IS0(2, 1). For the latter, the action on such functions coincides with the action 
of the right- and left-invariant vector fields of the Lorentz group. The action of these vector 
fields on the coordinate functions j"" : IS0(2, 1) — t- M, (u, — Ad{u)q) i— t- q^ is given by 

P^j\u, - Ad{u)j) = Adiu),^ P^j\u, - Ad(n) j) = -6^\ | 

J^j\u, - Ad{u)j) = 0, J^j'iu, - Ad(n)j) = -e-',f. J 



3 Physics background and motivation 

3.1 Chern-Simons theory with gauge group ISO(2, 1) and the moduh space 
of flat ISO(2, l)-connections 

In the following, we consider Chern-Simons theory with gauge group IS0(2, 1) on manifolds 
of topology M ^R X Sg^n, where Sg^n is an oriented surface of genus g with n punctures. In 
the absence of punctures, the solutions of the theory are flat connections A on an IS0(2, 1)- 
principal bundle over M. The punctures of Sg^n are incorporated [T31 into the theory by 
assigning the coadjoint orbit of an element Vi £ i5o(2, 1) to the i-th puncture and coupling it 
minimally to the connection A. Parametrising the coadjoint orbit of T>i in terms of group- 
valued functions /ij : M — t- IS0(2, 1), one obtains the following expression for the Chern-Simons 
action: 



S{A) = f {AAdA+lAAAAA)-2j2 f (A, K^A\^hi + hr^dh, 



)dt, (6) 



where ( ) denotes the non-degenerate Ad-invariant symmetric bilinear form Q on iso(2, 1) 
and /j : M — ^ M, i = 1, . . . , n, are the curves defined by the punctures. Up to a topological 
term, the Chern-Simons action is invariant under gauge transformations 7 E C°°{M, IS0(2, 1)) 
that are constant along Zj: A 1— )• 'y~^A'y + 7~^d7, hi 1— >■ ^{li)^^hi. 

The connections that extremise the action (|6| are those that are flat everywhere on M except 
at li {i = 1, . . . , n), where their curvature F = dA + A A A develops (^-singularities. From 
the Hamiltonian formulation of the theory one then obtains that the gauge-invariant phase 
space of the theory is the moduli space V of flat IS0(2, l)-connections on Sg^n modulo gauge 
transformations |36| [Ti] . 

A convenient parametrisation of the moduli space is given by group homomorphisms h : 
T^i{Sg^n) — ^ IS0(2, 1) that map the homotopy equivalence class rrij of a loop around the i-th 
puncture to the associated conjugacy class 

Ci = {h- exp(A) ■h-^\h£ IS0(2, 1)}. (7) 

Two such group homomorphisms describe gauge-equivalent connections if and only if they are 
related by conjugation with an element of IS0(2, 1). This implies that the moduli space of 
flat IS0(2, l)-connections on Sg^n is given by 

P = Homci,...,c„K(5<,,„),ISO(2,l))/ISO(2,l) (8) 

= {/i G Hom(^i(5<,,„),ISO(2, 1)) I h{mi) G C,}/IS0(2, 1). 

The fundamental group 7ri(5g^„) of an oriented genus g surface Sg^n with n punctures is 
generated by the homotopy equivalence classes of a loop rrii {i = 1, . . . ,n) around each 
puncture and the a- and 6-cycles Oj ,hj {j = 1, . . . ,g) oi each handle as shown in Figure [I] It 
has a single defining relation, which states that the curve c in Figure [T] is contractible: 

T^i{Sg^n) = {mi,...,mn,ai,bi,...,ag,bg \ bgUg'^bg^ag ■ ■ ■ bia^^b^'^^aimn ■ ■ ■ rrii = 1). 

By characterising the group homomorphisms in (Is]) in terms of the images of the generators 
of TTi{Sg^n), we can thus identify the moduli space of flat connections with the set 

V = {{Mi,...,Mn,Ai,Bi,...,Ag,Bg)elSO{2,ir+^3\ 

MieCi, [Bg,A-^]-[Bi,A^^]-Mn---Mi = l}/lS0{2,l), (9) 




Figure 1: Generators of the fundamental group for an n-punctured genus g surface Sg^n- The 
chosen generators of the fundamental group Tri{Sg^n) are the homotopy equivalence classes of 
the curves mi, . . . , m„, ai, 61, . . . , o„, 6„. The short wavy line indicates the cilium that defines 
a linear ordering of the incident edges at the basepoint. 



i?,-V 



B ^ ■ Ag denotes the group commutator and the quotient is taken 



where [Bg,Ag\-^g-^g - ^g - ^g 

with respect to the diagonal action of IS0(2, 1) on IS0(2, l)"+25. in the gauge-theoretical 

description, the group elements Mi, . . . ,Bg £ IS0(2,1) correspond to the path-ordered 

exponentials of the gauge field A along the closed curves mi , . . . ,b. 

the following, we will sometimes refer to these group elements as holonomies. 



, ug displayed in Figure [T] In 



3.2 Symplectic structure of the moduli space of flat connections 

The moduli space of flat IS0(2, l)-connections carries a canonical symplectic structure [7] 
that is obtained via symplectic reduction from the canonical symplectic structure on the space 
of connections on Sg^n- A convenient and explicit description of this symplectic structure is 
given in the works of Alekseev and Malkin and Fock and Rosly [22^ |S]. They describe the 
canonical symplectic structure on the moduli space V in terms of a (non-canonical) Poisson 
structure on an enlarged ambient space Vext- Via symplectic reduction, this Poisson structure 
then induces the canonical symplectic structure on V. 

In the following, we will work with a specific form of the Poisson structure in [22] which is 
associated with a choice of an ordered set of generators of the fundamental group 7ri{Sg^n)- It 
plays an important role as a starting point for the combinatorial quantisation of the theory 
|31 m El [12] . In this description, the ambient space Vext is given by n -|- 2*7 copies of the 
Poincare group, Vext = IS0(2, l)"+29^ each corresponding to the holonomy along a generator 
of the fundamental group Tri{Sg^n)- 



Explicit expressions for this Poisson structure are given in Definition 4.1 in the next section. 



Here, we only discuss its most important structural features. Firstly, the definition of 
the bracket requires a classical r-matrix for the Lie algebra iso(2,l), i.e. an element r G 
iso(2, 1) (8) i5o(2, 1) that is a solution of the classical Yang-Baxter equation 

[[r,r]] := [ri2,ri3\ + [ri2,r23\ + [^13,^23] = 0, 

where ri2 = r°'^Ta ^ T[s ^ 1, ri3 = r'^'^Ta 1 T[s, r23 = r"^l ®Ta®Tp. This property 
is needed to ensure that the bracket satisfies the Jacobi identity. Moreover, it is shown in 
j22j that this Poisson structure induces a symplectic structure on the moduli space V, which 



agrees with its canonical symplectic structure if and only if the symmetric part of r is dual to 
the pairing (pi) in the Chern-Simons action: 

rs = r'^.^^Ta ®Tp = \{Pa®r + r® Pa). (10) 

Note that Fock and Rosly's Poisson structure on the ambient space Vext is therefore non- 
canonical in two ways. Firstly, it depends on the choice of a set of generators of the fundamental 
group 'Ki{Sg^n) and of a linear ordering of the incident edges at the basepoint. This ordering 
of the edges is indicated in Figure [I] by the short wavy line (cilium) and gives rise to a partial 
ordering of the generators of 7ri(5g,n): w-i < • • • < mn < ai,bi < ■ ■ ■ < ag, bg. 

Secondly, the definition of the Poisson structure on the ambient space Text requires the choice 
of a classical r-matrix, which is generally not unique; for a classification of the classical 
r- matrices for iso(2, 1) see |35| . However, it is shown in |22] that the Poisson structures on 
IS0(2, l)"+29 associated with different choices of generators and orderings of vri(5g^n) and 



different choices of classical r- matrices that satisfy (10) induce the same symplectic structure 
on the moduli space V. This is apparent in formula ( 12 ), which shows that the Poisson bracket 
of two functions on IS0(2, l)"+29 depends only on the symmetric component of r if one of 
the two functions is invariant under the diagonal action of IS0(2, 1) on IS0(2, l)"-+25. 

In the following, we work with the classical r-matrix that corresponds to the structure of 
150 (2, 1) as a classical double of so (2, 1). In terms of the basis ([I]) it is given hy r = Pa (E) J"" ■ It 



is shown in [3D], see also the discussion in Section 4.1 that Fock and Rosly's Poisson structure 
for this case can be formulated in terms of functions and certain vector fields on 804.(2, l)"'+25 
such that the Poisson bracket takes the form 

{f,g} = 0, {XJ} = Cxf, {X,Y} = [X,Y], 

where f,g€ (7~(SO+(2, l)"+29), X,Y e Vec(S0+(2, l)"+29), Cxf denotes the Lie derivative 
and [X,Y] the Lie bracket of vector fields on S0+(2, l)"+29. 

This implies that the associated Poisson algebra has a canonical N-grading, in which the 
subspaces of homogeneous degree are given by homogeneous polynomials in the vector fields 
X with C°°(S04.(2, l)"'"'"2^)-valued coefficients. This N-grading corresponds naturally to a 
physical dimension of h and plays an important role in the quantisation of the theory. 

3.3 Quantisation 

The description of the moduli space of flat connections outlined in the previous section serves 
as the starting point of the combinatorial quantisation formalism |S1 SI El 12] for Chern-Simons 
theories with compact, semisimple gauge groups. This formalism proceeds by quantising the 
auxiliary Poisson structure on the ambient space Vext and then imposing the constraints in 
the quantum theory. As this auxiliary Poisson structure is closely related to certain Poisson 
structures from the theory of Poisson-Lie groups, the corresponding quantum algebra is given 
in terms of quantum groups. The implementation of the constraints in the quantum theory 
then reduces to a problem from the representation theory of the associated quantum group, 
namely to determining the invariant subspace in the tensor product of certain representations 
of this quantum group. 

While this formalism is well-established for Chern-Simons theories with compact, semisimple 
gauge groups, for which the corresponding quantum groups are universal enveloping algebras 



at a root of unity, it cannot be extended straightforwardly to Chern-Simons theories with non- 
compact gauge groups. This is due to the fact that the representations of the corresponding 
quantum groups no longer form a semisimple ribbon category and their characters become 
distributions. 

The generalisation of the combinatorial quantisation formalism to Chern-Simons theory with 
gauge group SL(2,C) has been achieved in [TT], for partial results on semidirect product 
gauge groups see |3U| m\ E5] . However, there is currently no general quantisation formalism 
for moduli spaces of flat connections associated with non-compact or non-semisimple groups. 
Other quantisation approaches such as Reshetikhin-Turaev invariants [S^ face similar problems. 
Although there is work that investigates their extension by analytic continuation [HI HO] , there 
is no general method that allows one to extend these models to general non-compact or 
non-semisimple gauge groups. 

For this reason, we pursue a different strategy, namely we implement the constraints directly 
in the classical theory by means of the Dirac gauge fixing procedure. This potentially avoids 
the issues with the implementation of the constraints in the quantisation of the theory and 
leads to an explicit description of the canonical Poisson structure on the moduli space of 
flat connections in terms of holonomies. In the following, we apply this approach to the 
description of the moduli space of flat IS0(2, l)-connections in terms of the auxiliary Poisson 
structure on the ambient space Vext- 

A specific example of such a gauge fixing procedure is investigated in [2H] • It is shown there 
that in the application to (2-|-l)-gravity, this gauge fixing procedure has a direct physical 
interpretation. The gauge fixing conditions can be viewed as a prescription that specifies an 
observer with respect to the geometry of the spacetime. The resulting gauge-fixed Poisson 
structure then depends on two variables that correspond to the total mass and internal angular 
momentum of the spacetime as measured by this observer. 

3.4 The Dirac gauge fixing procedure 

In general, the Dirac gauge fixing procedure applies to constrained dynamical systems, i.e. 
to Poisson manifolds (7^ext,{,}) with a set of constraint functions {4>i}i=i^...,k C C°°(Pext)- 
In the following, we restrict attention to the case where the constraints are first-class and 
such that is a regular value of <& = {(pi, . . . (pk) '■ Vext — ^ ^'^^ Gauge fixing then amounts to 
imposing an additional set of constraints {xj}j=i^...^k C C°^{Vext), the gauge fixing conditions, 
which must satisfy the following requirements [24^ : 

1. It is possible to map any point q £ {p £ Vext \ 4>i{p) = ^i = 1, ..., k} to a point on 
the constraint surface S := {p G Vext \ 4>iip) = a^id Xj(p) = Vi = 1, . . . , A;} with the 
flows that the first-class constraints (pi generate via the Poisson bracket. 

2. The matrix C = {{xj^'Pi})i,j=i,...,k is invertible everywhere on the constraint surface S. 

The second condition implies that the gauge fixing conditions {Xj}j=i....,k together with the 
original constraints {0j}i=i,...,fc can be collected in a single set {Ci}j=i^....2fc of constraints such 
that is a regular value of the function C = (Ci, . . . , C2k) '■ M — >■ M?^ and for which the Dirac 
matrix D = (-Djj)jj=i,...,2fci Dij := {Ci,Cj}, is invertible anywhere on the constraint surface 



E. The Dirac bracket of two functions f,gG C°°(S) is then defined by 

2k 

where f,gG C°°(Vext) are arbitrary extensions oi f,g £ C°°(S). The Dirac bracket does not 
depend on the choice of the extensions f,g and defines a Poisson structure on S |15| [TU| [21] . 

The physical interpretation of this bracket can be summarised as follows: The Poisson manifold 
{'Pext, { ) }) plays the role of an extended, non-gauge-invariant phase space which contains 
redundant degrees of freedom corresponding to different descriptions of a single physical 
state. The gauge- invariant or physical phase space is given as the quotient V = Q/~, where 
Q '■= {p G "Pext I 0i(p) = Vi = 1, . . . ,k} and two points on Q are identified if they are mapped 
into each other by the flows the first-class constraints (j)i generate via the the Poisson bracket. 
The associated equivalence classes are called gauge orbits. 

Imposing gauge fixing conditions amounts to selecting a representative in each gauge orbit. 
The first requirement on the gauge fixing conditions ensures that the gauge fixing conditions 
select at least one representative in every gauge orbit. The second requirement ensures that 
they select at most one representative in each gauge orbit. Imposing gauge fixing conditions 
thus amounts to constructing a diffeomorphism that identifies the quotient V = Q/~ with 
the submanifold S C Q C Vext- 

Prom the viewpoint of symplectic reduction, this procedure can be interpreted in the following 
way. If ("Pextil }) is symplectic, then the submanifold Q C "Pcxt is coisotropic, and the flows 
generated by the first-class constraints (pi define a foliation of Q. If we think of Q as a 
bundle over V, then choosing a representative for each equivalence class in V amounts to 
specifying a global section on Q. This is achieved via the gauge fixing conditions, which 
define a diffeomorphism ^ : E C "Pcxt -^ "P, P ^^ [p]- The manifold V carries a canonical 
symplectic structure obtained via symplectic reduction from the symplectic structure on Text- 
The pull-back of this symplectic structure to the submanifold S C Vext with ^ is the Dirac 
bracket on S. 

The situation is similar in the case where (T^ext; { }) is not symplectic but there is a function 
* = (-01, • • . ,^0 G C°° ("Pext ) 1^0 such that is a regular value of ^, ^^-"^(0) a symplectic 
submanifold of Vext and ipi, . . . ,ipi Poisson-commute with all functions on Vext- In this case, 
the reasoning above can be applied to the submanifold ^~^(0). 

3.5 Constraints and gauge fixing conditions for the moduli space 

The moduli space of flat IS0(2, l)-connections can be viewed as a constrained system in the 
sense of Dirac. From this viewpoint, the Poisson manifold (T^cxt, { i }) is identified with the 
ambient space Vext = IS0(2, l)"+29 equipped with Fock and Rosly's Poisson structure [22] . 
From expression Q for the moduli space of flat IS0(2, l)-connections, it is then apparent that 
the moduli space is obtained from Vext by imposing a group- valued constraint that arises from 
the defining relation of the fundamental group iTi{Sg^n), together with a set of constraints that 
restrict the holonomies Mi, . . . , M„ to the conjugacy classes ([7|. The latter can be formulated 
as pairs of constraints of the form 

Tr(nA/J - Cj ss 0, Tr( j^^^Ja • umJ - dj ~ 0, 



with real parameters Cj,dj for each puncture. It turns out that these constraints are Casimir 
functions of the Poisson bracket, i.e. Poisson-coniniute with all functions on "Pcxt- For this 
reason, reducing the Poisson structure to the relevant conjugacy classes presents no difficulties 
and does not require any gauge fixing. 

The group- valued constraint from the defining relation of the fundamental group ■Ki{Sg^n) can 
be viewed as a set of six first-class constraints for the Fock-Rosly bracket [28i . Parametrising 
the holonomy of the curve c in Figure [T] as 

{u-c\3c) := M{' ■ ■ ■ M-\A^\B,] ■ ■ ■ [A-\ Bg], 

one can express this group-valued constraint in the form of the six constraints 

Tr(J,-uc)~0, j^«0 VaG {0,1,2}. (11) 

The Poisson brackets of these six constraint functions are closely related to the Lie bracket of 
iso(2, 1). The associated gauge transformations which they generate via the Poisson bracket 
are given by the diagonal action of IS0(2, 1) on IS0(2, l)"+2g^ 



A specific choice of gauge fixing conditions for the constraints (11) is investigated in 
It imposes gauge fixing conditions on the holonomies associated with two punctures on the 
surface 5g_„ and derives the associated Dirac bracket. In this paper we consider general gauge 
fixing conditions, subject to certain structural requirements, and investigate the resulting 
Dirac brackets. We require that the gauge fixing conditions satisfy the conditions 1 and 2 in 



Section 3.4 and are subject to the following two additional restrictions: 



a. The gauge fixing conditions depend only on the holonomies Mj, Mj associated with two 
punctures on the surface Sg^n- 

b. The gauge fixing conditions depend at most linearly on the variables jmj and jmj 
associated with these holonomies. 

The first condition is motivated by convenience and by physics considerations. Although it is 
feasible in principle to impose gauge fixing conditions that involve the holonomies of more 
than two punctures, this would complicate many details of the description without adding 
much on the conceptual level. Moreover, in the application to (2+l)-gravity, gauge fixing 
conditions based on the holonomies of two punctures have a direct physical interpretation, 
while the interpretation of a complicated gauge fixing condition involving more than two 
punctures is less obvious. 

Note also that the first condition allows us to restrict attention to gauge fixing conditions 
that depend only on the holonomies Mi, M2 of the first two punctures on Sg^n- This is due to 
the fact that different orderings of the punctures are related by the action of the braid group 
on Sg^n and the braid group on the associated surface Sg^n \ D with a disc removed p. It is 
shown in |31j that the braid group of the surface Sg^n \ D acts by Poisson isomorphisms on 
the Poisson manifold {Vext = IS0(2, l)"+29^ { ^ }). The action of the braid group thus allows 
one to permute the punctures and to suppose that the gauge fixing conditions depend only on 
the holonomies of the first two punctures. 

The second condition is motivated by structural considerations, namely the wish to preserve 
the natural N-grading of the Poisson structure. As we will see in the following, gauge fixing 
conditions that are non-linear in the variables j'a/^ or JM2 and, consequently, non-linear in 
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the vector fields on S0+(2, l)"+25^ would compromise this grading. However, the grading 
is an important structural feature of the theory and plays a central role in its quantisation 
|3UL n7\ I26| . For this reason, it seems natural to impose that it is preserved by the gauge 
fixing procedure. 



Conditions 1 and 2 from Section 3.4 together with the additional assumptions a and b above 



imply that the gauge fixing conditions can be brought into the form 

Ee^'^M.^o, E0^'jm,«o, J2et'"'Jk^o, Ai«0, A^p^O, Aa^O, 

i=l j=l j=l 

where Q^"^ , Aj E C°°(S0+(2,1) x S0+(2,l)) and the two copies of the Lorentz group 
S0+(2, 1) are identified with the Lorentzian components of the holonomies Mi and M2. These 
gauge fixing conditions allow one to express the two constrained holonomies Mi and M2 as 
functions of the four fixed parameters that characterise the conjugacy classes Ci,C2 and of two 
conjugation-invariant dynamical variables tp,a, which depend only on the product M2 • Mi. 
As there are many possible definitions of these variables, we will not adhere to one of them, 
but impose that they are given in terms of the Lorentzian and translational components of 
the product M2 • Mi = (ni2, — Ad(ni2)ji2) ^^ 

i, = f{Tr{ui2)), a = g{Tr{uu)) Trij^^^a ■ uu) + h{Tr{ui2)), 

with diffeomorphisms f,g£ C°° (M) and a smooth function h £ C°° (M) . 

As for the gauge fixing conditions investigated in [2H]j the Dirac gauge fixing procedure with 
these gauge fixing conditions gives rise to a Poisson structure { , }_d on the constraint surface 
S C M^ X IS0(2, l)"-2+29^ ^here M^ jg parametrised by the variables tp, a and IS0(2, l)"-2+25 
by the non- gauge-fixed holonomies M3, . . . ,Bg. This Poisson structure is derived in the next 
section. 



4 Gauge fixing and solutions of the classical dynamical Yang- 
Baxter equation 

4.1 General form of the Dirac bracket 

In this section, we derive explicitly the Dirac bracket obtained by gauge fixing the auxiliary 
Poisson structure from [22] on the ambient space IS0(2, l)"+2g^ While the Poisson structure 
in [22] is associated with general ciliated fat graphs on a genus (7-surface Sg^n with n punctures, 
we restrict attention to the case where the graph is a set of generators of the fundamental 
group 7ri{Sg^n) as depicted in Figure [I] In that case, the Poisson structure from [22] takes the 
following form. 

Definition 4.1 ([22]). Let G be a Lie group with Lie algebra q, {Ta}ci=i,...,dim(G) ^ basis of 
Q and r = r°'/^Ta T^ S (8) 3. Then Fock and Rosly's bivector B'^'^ is the antisymmetric 
section of the bundle TG^+^s ^ rc'^+Sg defined by 

n+2g n+2g 

K'' = ^S (E ^« + ^J.) ® (E LJ3 + «y + ^S E {La + K) a {L^, + R'p) (12) 

j=l j=l i<i<j<n+2g 

, n g 

+ irg(E^>«^ + E[^r''AL;+2^-(i?r2.-l+^n+2,-l^^^n+2,_^„^^^^^ 

i=l i=l 
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where L\ and R\ denote the right- and left-invariant vector fields associated with the different 
components of G"^^^ and the basis elements Ta : 



Lafigi,- ■ .,gn+2g) - "^ 
Rafi9l>---,9n+2g) = ^ 



f{ui,. . .,Mj_i,e " ■Ui,Ui+i,. . . ,Un+2g), 
t=0 

f{ui, ..., Ui-i,Ui ■ e*^" , Mj+i, . . . , Un+2g), 



t=0 

and r?^, r?^. the coefficients of the antisymmetric and symmetric component of r: 

a(S _ 1/ aP /3a^ afi _ 1 ( afi , Ba\ 

^(a) - 2^ ^ I '^(s) - 2V -^^ )■ 

The associated bracket on (7"+^^ is the antisymmetric bilinear map { } : C°°(G"^^^) x 

{/,g} = B:^'9{df®dg) yf,g e C~(G'^+25). 

The main advantage of this description is that it defines an auxihary Poisson structure on 
Qn+2g ^j^^|. -g gjygj^ jj-^ terms of a classical r-matrix for g and induces the canonical symplectic 
structure on the moduli space of flat G-connections on Sg^n- 

Theorem 4.2 ([22j). If r is a solution of the classical Yang-Baxter equation 

[[r,r]] = [ri2,ri3] + [ri2,r23] + [n3,?"23] = 0, 

then B^'^ defines a Poisson structure on G""*"^^. // additionally { , ) is a non- degenerate 
Ad-invariant symmetric bilinear form on g and 

then the Poisson structure defined by i?"'^ induces the canonical symplectic structure on the 
moduli space of flat G-connections on Sg^n- 

It is shown in [5j that this Poisson structure can be identified with the direct product of n 
copies of the dual Poisson-Lie structure on G and g copies of the Heisenberg double Poisson 
structure associated with G and r. 

For the case at hand, where the Lie group is the Poincare group in three dimensions, G = 
IS0(2, 1), a classical r-matrix is given by r = Pa^J""- The corresponding Poisson structure on 
IS0(2, l)"+29 is computed explicitly in ^D], and in |3D] it is shown that this Poisson structure 
can be identified with the direct product of n copies of the dual Poisson-Lie structure on 
IS0(2, 1) and 2g copies of the cotangent bundle Poisson structure: 

(IS0(2, l)"+29, {}) = IS0(2, 1)* X ... X IS0(2, 1)* x r*(S0+(2, 1)) x . . . x T*(S0+(2, 1)) . 

" v ■' ^ v ■' 

n X 2g X 

From this description, it is directly apparent that the symplectic leaves of this Poisson structure 
are of the form Ci x • • • x Cn x IS0(2, 1)^^, where Ci C IS0(2, 1) are fixed conjugacy classes. 

In the following, we will not use this identification, but we will work with a description of the 
Poisson structure that is closer to the formula in Definition 14.11 This formulation has the 
advantage that it is more adapted to physics applications, especially in the Chern-Simons 
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formulation of (2 + l)-gravity, and that its geometrical interpretation is more apparent. To 
emphasise the geometrical interpretation of the variables and their relation with the set of 
generators of the fundamental group 7Ti{Sg,n) in Figure Q^ we denote elements of IS0(2, l)"+25 
and S0+(2, l)"+^5' as, respectively, 

{Mi,...,Mn,Ai,B^,...,Ag, Bg) G IS0(2, l)'^+2^ (um^, • • • , n^J G S0+(2, 1)"+^^ 

and write Jy", Jy'" for the associated right- and left-invariant vector fields on S0+(2, \)'"-+'^9-_ 



Jx'''f{uMr,..-,UB,) = ^ 



f{uMi,---,e ^-^^ ■Ux,.-.,UBg), 



It is shown in [30j that by using the identification IS0(2, 1) = rS0+(2, 1) and the classical 



r-matrix r = P^ J", the Poisson structure given by (12) can be expressed in terms of 
functions / G C°°(S0+(2, l)"+29) and certain vector fields on S0+(2, l)"+29. For this, one 
identifies the coordinate functions jx '■ {Mi, . . . , Eg) i— )• g^, where we use the parametrisation 
X = {ux, - Ad{ux)q) for X G {Mi, . . . , Bg}, with certain vector fields on S0+(2, l)"+29. The 
Poisson bracket of two variables Jx , jy then coincides with the Lie bracket of the associated 
vector fields, the Poisson bracket of a variable Jx with a function on S0+(2, l)"-+29 coincides 
with its Lie derivative and any two functions on S0-|-(2, l)"+2g Poisson-commute. 



Theorem 4.3 ([221 ED]). For G = IS0(2,1) and r = Pa® J", the Poisson structure ^ 
on ISO(2,l)"+29 = TS0-)-(2, l)"+29 ig characterised uniquely in terms of vector fields Jx, 
a G {0,1,2}, X e{Mi,...,Bg} on S0+(2, 1)^^+29 and functions on S0+(2, l)"+29; 

{f,g} = 0, {fxJ} = %/, {fxJ'y} = [fxJ'Y] V/ G C7-(SO-,(2, 1)^+'^, 

where C denotes the Lie derivative and [ , ] the Lie bracket on S0+(2, l)"+29. xhe vector 
fields Jx on S0+(2, l)"-+29 are given by: 

Y>A'h 



L,b\ 
Y j ' 



Y>A'U 

Jl, = - {jZ + 4; + Jb; + {l-Ad{n~/^UB,))\jff) - {l-Ad{uA^))\Y.{jY' + J, 

Y>A, 

Jl, = - (4; + Jst + J'a!) - {t-Ad{uB,))\Y.{jY' + JY'') , 

where Y > X refers to the partial ordering of the generators of Tii{Sg^n)- Y > X if X = Mi 
and Y = Mj with i < j or if X £ {Ai, Bi}, Y G {Aj,Bj} with i < j or if X £ {Mi, . . . , M„}, 
Ye{Ai,Bi,...,Ag,Bg}. 

We will now determine the Dirac bracket associated with the Poisson structure on IS 0(2, l)"-+29 
and certain smooth constraint functions on ISO (2, l)"+2g_ fpj^g Dirac bracket is a well- 
established formalism from the theory of constrained Hamiltonian systems and, in a certain 
sense, can be viewed as the Poisson counterpart or the physicist's version of symplectic 
reduction. A more detailed discussion of this is given in Section [3. 4[ for the general theory we 
refer the reader to [15| [TBI IM] . 
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Definition 4.4 (\15\ I16|). Let (M, { , }) be an n-dimensional Poisson manifold, k < n, and 
C = (Ci, . . . , Cfc) : M ^ M.^ a smooth function such that is a regular value of C and the 
matrix D{p) = ({Cj, Cj}{p))ij=i^,,,^k is invertible for all p £ T, = C^^(O). The Dirac bracket 
for C is the antisymmetric bilinear map {,}£>: C°°(S) x C°^(S) — ^ C°°(S) defined by 

k 

{/,5}d = {/,5}|e - Ei/'Ca • {Dh)i,' ■ {C„g}k, 

where f,g£ C°°{M) are arbitrary extensions of f,g G C°°(S); /|s = /, 5|s = 9- The Dirac 
bracket does not depend on the choice of these extensions and defines a Poisson structure on S. 
The submanifold S = C~^{0) C M is called constraint surface, the functions Ci : M ^ M. 
are called constraint functions. 



The aim is now to determine the Dirac bracket for the Poisson structure from Definition 14.11 
for constraint functions that relate this Poisson structure to the moduli space of flat IS0(2, 1)- 
connections: 



V = {he Hom(^i(5<,,„),ISO(2, 1)) | h{mi) € C,}/IS0(2, 1) 
^ {(Ml, ...,Bg)£CiX---xCnX IS0(2, 1)29 I 

[Bg, A-^] • • • [Bi,A^'] • M„ • • • Ml = 1}/IS0(2, 1). 



(13) 



As discussed in Section 3.5, this leads to constraint functions of the form 



Ci 






C2=jh, 



C3=fc, 



C7 = Tr(Jo • nc), Cs = Tr(Ji • uc), Cg = Ti{J2 ■ uc), 

Cio = Ai, Cii = A2, C12 = A3, 



(14) 



where Jlj_ is defined as in Theorem 4.3 and Of-^ Aj G C°^(S0+(2,1) x S0+(2,l)) are 



functions that depend only on the S0+(2, l)-part of the first two copies of IS0(2, 1) and 



(«c^i 



c iJC) 



m; 



M-'-[A^\B,]---[A-\Bg]. 



The functions (Ci)i=i,2,3,7,8,9 have an interpretation as first-class constraints in the Dirac gauge 
fixing formalism and the functions (Cj)i=4^5^6,io,ii,i2 play the role of gauge fixing conditions. 
While the former are fixed and implement the condition [Bg, A~^ ■ ■ ■ [Bi,AY ] ■ M„ • • • Mi = 
1, the latter involve functions Q^''^,Aj which can be chosen arbitrarily as long as the 



requirements from Definition 4.4 and the conditions a and b from Section 3.5 are met. The 
latter ensure that the constraint functions are adapted to the tangent bundle structure of 
IS0(2, 1) = rS0+(2, 1). Different choices of these functions correspond to different gauge 



choices. They implement the quotient by IS0(2, 1) in (13) and restrict the variables Mi,M2 in 
such a way that for all points (Mi, . . . , Bg) G S = C^^(O), the components Mi, M2 G IS0(2, 1) 
are determined uniquely by two real parameters 



V = f{Tr{ui2)), 



a 



g{Tv{ui2)) TV(j?2 Ja • U12) + /i(TV(ni2)), 



(15) 



where f,g£ C°° (M) are arbitrary diffeomorphisms and h G C°° (M) . This allows us to identify 
the constraint surface S = C~^(0) with a subset of M^ x IS0(2, l)"-2+29^ where the M? is 
parametrised by {ip, a) and IS0(2, l)"-2+29 by (M3, ...,Bg). 
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Given the expressions for the Poisson structure on IS 0(2, l)"'+23 and the constraint functions 



( 14 ) , we can expHcitly compute the associated Dirac bracket and obtain a Poisson structure 



on S C M^ X IS0(2, l)"-2+29. 



Theorem 4.5. For all constraint functions of the form (14) that satisfy the requirements in 



Definition 4-4 o.'^'^ conditions a and b from Section 3.5, the associated Dirac bracket defines a 
Poisson structure {, }d on T, cM? x IS0(2, l)"~2+2g^ which takes the following form: 

1. The Dirac bracket of Tp and a vanishes: {ij),a}D = 0. 

2. For all Xe {M^,...,Bg] and / G C°°(S0+(2, l)"-2+2g)_. 

{V', /}d = 0, {^,3x}d = -(1 - Ad(n^i)) q^„ 

{aJ}D = Y.l"c.iJy + Ja'^)f^ {«, JxId = -(1 - M{u^'))qg - q^AJx, 
Ye{M3,...,Bg} 

with q^, q^, q^ : M^ — ^ M^ satisfying q^ /\ qa = and daq^ = daqa = daQe = 0. 

3. For F,Ge C°^(IS0(2, l)"-2+2<;) . 

{F,G}D = Bl!-^^3^dF(S)dG), 
where i?^~2.9 {g ^/jg Poisson bivector ( |12[ ) and r : M^ — )• iso(2, 1) iso(2, 1) is given by 

r{ip, a) = Pa®r- V^'{i;){Pb ®Jc-Jc® Pb) + e^"^md{il^, a)Pb Pc, 
where V :R^ Mat(3,M) and m:R'^ ^R^ satisfies dim = 0. 

Proof. The proof is a direct generahsation of the proof of Theorem 5.1 in [28]. 



1. The Dirac matrix associated to the constraints (14) takes the form 
D = 



J P\ 



,-P' 
On the constraint surface, the (6 x 6)-matrices J and P can be expressed as 

T\ -( ^ ^\ P\ 



'0 A\ 
B C ' 



with (3 X 3)-matrices A, B, C, G, H given by 
Aij := { Cj , Cj+g } I s , Bij := { (7j+3 , Cj+e } | s , C'ij := { C'i+s , C'j+g } I s > 



i,j = 1,2,3. 



Gij :— {Ci+3, Cj+3}|s, Hij '■— {Q, C'j+slls, J 

This imphes that the inverse of the Dirac matrix D on the constraint surface is given by 



iD\, 







(P|e)-^ {Pk)-'{J\^){P\i') 



l/7U^/pl-l^^ with (P|s) = ^_i 



A' 







iPk)-\Jh){P\^') 



-UT _ B-^ [G - GA-^H + [GA-^Hf] {B 



-I ir\T] { T^-i\T 



-1\T 



A-'H{B-') 



-B-^H^iA-Y' 
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Inserting these expression into the general formula in Definition 4.4 one finds that for all 
X, y G {Ml, ...,Bg} and f,g e C°°(S0+(2, f )"+29), the Dirac bracket takes the form 



{/,5}d = 0, (16a) 

{fxJ}D = {fxJ}\j^ + T.[iJx,a+e}{B-%{f,C,+s} + {fx,a+,}{A-%{f,C,} 



{fx,Ci+e}{B-'CA~%{f,Cj} 
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(16b) 
(16c) 



i=l 1=7 
i=7 j=l 1=7 j =7 



2. To prove the relations for the brackets involving 'ij} and a, we use ( |16[ ) to compute the 
Dirac brackets of jmi, jhh ^iid functions 5 G C°°(S0+(2, 1) x S0+(2, 1)) of the variables 
UMi, MM2 with functions / G C°°(S0+(2, l)"~2+2g^) ^^ ^^le variables M^,...,Bg. It 
follows directly from the block form of (-D|e)~^ that {g, /}d = and hence {-0, /}d = 



by ( 15 ). For X G {M3, . . . , 5g}, we have {j^, Cj+g} = for all i G {1, 2, 3} and thus 



{fx,9]D = -(1 - Ad(n^i))"^E^'fc-i [(5"')fc,{5,C,+3} - {B-^CA-%j{g,C,]]\,:, 

j,k=i 



where VK : M — > Mat(3,M) is a function of the variable ip from (15) defined by the 
condition 01,Q+6} = -(1 - Ad{uj}))\W\_^ for all i = 1,2,3, X G {M3, . . .,Bg}. 
From equations (14) for the constraints and the definition of the matrices A, B, C it 



follows that the right-hand side of this equation can be expressed as a function of i/j and 
the fixed parameters that characterise the conjugacy classes Ci,C2- This implies that 
there is a map q^ : M^ — >■ M'^ with 9^9^ = such that 

{i^,Jx}D = -{l-Ad{u],'))q^. (17) 

Similarly, we obtain for i G {1,2} and functions / G C°°(S0+(2, l)"-2+2g). 

Y€{]\h,...,Bg} 2 '^J=l 

+ {ik.^fc+6}(^~')fc,E0f''(l-Ad(t.M!))'e-OM.'^fc+6}(^"'C7yl-i),,5ri]}|s. 

1=1 

The term inside the curly brackets on the right-hand side again depends on ip only, 
which shows that there is a map q^ : M^ — t- M'^ with SqQq = such that 



Y&{M-i,...,Bg} 



(18) 



The remaining brackets which involve tp, a and the variables j^, X ^ {M^, . . . ,Bg}, are 
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obtained from the Dirac brackets of j^. , i = 1,2, with j^: 



12 3 






k=7j=4 1=1 

6 9 12 9 



(1 - Adfei))'^[EE{iM.'C',}(I)-^)/c,l^V7 -Y.Y.{Jk,Ck}iD-\,w^^ 



rc 
J-7 
k=lj=7 k=7j=7 



Is- 



The term in the second set of square brackets depends on ip and a while the term in 
the first set of square brackets coincides with the term in the curly brackets in the 
expression for {Jlj., /}d- This imphes that there is a map q^ : M^ — )■ M^, d'^qg = such 
that for all X £ {M3, . . . , Bg}: 

{a,Jx}D = -(1 - Ad{ux^))qg - q^AJx- 
It remains to show that {a, iI^}d = and that q^ f\qa = 0- With the definitions 

{u],\jj,) := M3-1 • • • M-'[A^\B^] . . . [A~\Bg], 



the constraints C7,C8,Cg imply Tr(ui2) = Tr('U/j). From the Dirac brackets (18) of a 
with functions / G C°°(S0+(2, l)«-2+29) of the holonomies M3, . . . , Bg, it follows that 
the Dirac bracket of a and ip vanishes. Moreover, the constraint functions Ci, (72,6*3 
imply Ji2 = ~ Ad(u^2 )Jr °^ ^ ^^^ it follows from (|17[) that 



= {^^,^12}^ = -Ad{uYi){^P,jR}D = -{1-Ad{u^i))q^. (19) 

For each function g £ C°°(S0+(2, 1)), we have two associated functions g^2 £ C°^{E?), 
5m2(V, a) := g{uii) and g G C-(S0+(2, l)"-2+25), g{uM„ • ■ • , n^ J := 5(^/2). With the 
identity {^p, a}^ = 0, we obtain 

= {a,5R2}z) = {a,5}D = Y.1^iJR,a + JL,a)9- 

Y&{M3,...,Bg} 



Together with (19), this implies that both, exp(g^Ja) and exp{q!^Ja), stabilise uu and 



hence Q^ A q^ = 0. 



3. To prove the second part of the theorem, we explicitly compute the Dirac brackets of 
the variables jx for X G {M3, ...,Bg} and functions / G C°°(S0+(2, l)"-2+2g^) f^^^^ 



expressions (16). To determine the brackets {Jx: f}D, we note that {Jx? ^+9} = for 



all i G {1,2,3}, which implies 

{fx,f}D = {fxJ}h - {l-Ad{u-^')rV,dY.iJY' + JY')f\^ With (20) 

Y£{M:i,...,Bg} 
3 2 

Kd := Wj{B-'CA-')f^,,,^,\j, - T^/E(^"')/+i-jE0a''''(l -M^mJ)/|s. 

j=i i=\ 
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As none of the terms in the expression for V depend on a, it gives rise to a map 
y : ]R2 _^ Mat(3,M) that satisfies daV = 0. Similarly, we obtain 

{Jx,Jy}d = 01, J^IIe + (1 - Adfei))"Vd,e^'^jJ:|E - (1 - Ad{uy')f''Vdge'^/xh 
+ (1 - Ad{u-^')ni - Ad{uy')f''uM (21) 

with Ucd '■= VF'c'^W^ (-D~"'^)e+7,/+7 for ah c, d G {0, 1,2}. The matrix U depends only on 
the parameters ^ and a, and its dependence on a is at most linear. Moreover, it follows 
directly from the definition of the matrix D that U is antisymmetric. This allows us to 
expand U in a basis: f/°^ = e"'^'^mc with m : R^ — )■ M^, d^m = 0. 

4. By inserting the expressions (Hi), ([5| for the left- and right-invariant vector fields on 
IS0(2, 1) into the Poisson bivector (|12[) together with the expression for r{^p,a), one 



obtains after some computations expressions (20), (21). This proves the claim. 

D 



Theorem 4.5 gives explicit expressions for the Dirac bracket for a rather general set of gauge 
fixing conditions. This generalises the results from (28) . which investigates specific gauge 
fixing conditions of this type. Given the fact that the Dirac bracket is obtained from six 
first-class constraints with six associated gauge fixing conditions and hence involves inverting 
a (12 X 12)-Dirac matrix, its structure is surprisingly simple. This is partly due to the 
restriction that the gauge fixing conditions are adapted to the tangent bundle structure of 
IS0(2,1) =TS0+(2,1). 

4.2 The Dirac bracket and the classical dynamical Yang-Baxter equation 



The Dirac bracket in Theorem 14.51 defines a Poisson structure on the constraint surface 
E = C"^(0) which can be identified with a subset of ]S? x IS0(2, l)"-2+2a_ However, this 
identification is implicit, and it is cumbersome to give an explicit parametrisation of this 
subset for general gauge fixing conditions. For this reason, we consider in the following the 
bracket on R^ x IS0(2, l)"~2+29 figf^j^ed by the expressions in Theorem 



4.5 



Definition 4.6. We denote by {, }d the antisymmetric bilinear function {, }d '■ C°^(R^ x 

ISO(2,l)"-2+29) X C7°°(r2 X IS0(2, l)"-2+29) -^ C°°(r2 X ISO(2,l)"-2+29) that takes the 
form described in Theorem \4-^ With R^ parametrised by ifj^a and the different copies of 
IS0(2, 1) labelled by {M3, . . . , M„, j4i, i?i, . . . , Ag, Bg}, this bracket is given by: 

1. {ip,a}D = 0, and for all f e C7°°(SO+(2, l)"-2+29), X,Y £ {A/^, . . . , Bg}: 

{V-, f}D = 0, {i^,3x}D = -(1 - Ad(u^i)) q^, 

{a,f}D = J2laiJR,a + Jla)f, {c',Jx}d = "(l " Ad(^^i))q, - q^AJx, (22) 
Y€{Ah,...,Bg} 

with q^,q^,qg -.R"^ ^ R^ satisfying q^ /\ qa = and daq^ = daqa = dale = 0- 

2. For all functions F,G £ C°°(IS0(2, l)"-2+29); {F,G}d = B;^-^'9 {dF (S) dG) , where 
5""^'^ is the Poisson bivector (12) and r : R^ — >■ iso(2, 1) (g)iso(2, 1) is given by 



r(^, a) = Pa0r- V'%ij){Pb ®Jc-Jc® Pb) + e'^'mdii;, a)Pb <S) Pc, (23) 
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with a map F : M — >■ Mat(3, M) that does not depend on a and a vector-valued function 
m -.M? ^M.^ satisfying d'^m = 0. 

This bracket has a particularly simple structure. The two variables V' and a Poisson-commute, 
and their Dirac brackets with functions on IS0(2, l)'^~2+2g ^^^ given by three functions 
q^, q^, Qg : R^ — ;► W^ . The Dirac bracket of two functions on IS0(2, l)"~2+2g ^g again given 



by the Poisson bivector (12 ). The only difference is that the classical r-niatrix r = Pa® J'^ 
in the Poisson bivector i?"~^'^ is now replaced by the map r -.^ ^ iso(2, 1) (^ iso(2, 1) that 
depends on the variables ifj and a. 

Note that it is a priori not guaranteed that the bracket { , }/) on M^ x IS0(2, l)"^2+2g satisfies 
the Jacobi identity. The Dirac gauge fixing formalism only guarantees that this is the case on 
the constraint surface S = C~^(0) C M^ x IS0(2, l)"~2+23^ Moreover, it is natural to ask how 



the Jacobi identity is encoded in the structures that characterise the bracket in Definition 4.6 
the map r -.^^ ^ i5o(2, 1) iso(2, 1) and the vector-valued functions q^, q„, qg -.M? ^ M? 



As the classical Yang-Baxter equation for the r-matrix in the Poisson bivector (12) ensures 
that the associated bracket satisfies the Jacobi identity, it is natural to expect that the Jacobi 
identity for the Dirac bracket follows from an analogous property of the map r. This suggests 
that r should be related to solutions of the classical dynamical Yang-Baxter equation and 
hence to classical dynamical r-matrices for the Lie algebra i5o(2, 1). 

This intuition is also supported by the fact that Fock and Rosly's Poisson structure is related 
to certain Poisson structures from the theory of Poisson-Lie groups |22| |S] . It is shown in 
\1\\ |20] that Dirac gauge fixing in the context of Poisson-Lie groupoids is linked to classical 
dynamical r-matrices. Note, however, that our case is more involved. While the references 
j21|, 120] consider a gauge fixing procedure for a generalisation of the Sklyanin bracket in 
the context of Poisson-Lie groupoids, our Poisson structure involves several copies of the 
dual Poisson-Lie structure and the Heisenberg double Poisson structure which interact in a 
non-trivial way. Moreover, the gauge fixing conditions we consider are associated with two 
punctures and hence with two non-Poisson-commuting dual Poisson-Lie structures whose 
Poisson brackets with the remaining punctures and handles do not vanish. Nevertheless, it 
is natural to expect that our gauge fixing procedure should be related to solutions of the 
classical dynamical Yang-Baxter equation. 

The concept of a classical dynamical r-matrix generalises the notion of classical r-matrices 
r ^ Q® Q for a Lie algebra g to maps r : f/ — )■ g (^ g that depend non-trivially on variables 
in U . The domain U is an open subset of the dual f)* of an abelian Lie subalgebra f) C g, 
and the map r is required to be invariant under the action of \]. Instead of the classical 
Yang-Baxter equation (CYBE), the classical dynamical r-matrix is required to satisfy the 
classical dynamical Yang-Baxter equation (CDYBE). The latter is obtained by replacing the 
right-hand side of the CYBE by a term that contains the derivatives of r with respect to the 
coordinates on U . 

Definition 4.7 (|19|). Let q be a finite-dimensional Lie algebra, f) C g an abelian Lie 
subalgebra, and U C I)* an open subset. A classical dynamical r-matrix for (g,f),[/) is 
an i)- invariant, meromorphic function r -.U ^ Q® Q that satisfies the classical dynamical 
Yang-Baxter equation (CDYBE): 

dimi) 
[[r, r]] := [ri2, ris] + [ri2,r23] + [^13,^23] = Yl {^i^x^ ^^23 - xf^^^^ ris + xf^'d^^ r^j , (24) 

i=l 
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where {xi} 



i=l, 



,dim 



[, is a basis of I) and {x^}i=i,...,dimt) the associated dual basis of [}* . 



In the following, we only require the case where g = iso(2,l) and t} is a two-dimensional 
abelian Lie subalgebra of g. We thus identify f)* with M^ and parametrise it by two variables 
x^ = ip, x'^ = a. Moreover, we temporarily drop the requirements that the elements xi,X2 in 
the CDYBE form a fixed basis of f) C iso(2, 1) and that r is invariant under the action of f). 

Instead, we investigate solutions of the CDYBE (24) associated with maps xi,X2 : M^ — )■ 
i50(2, 1) of the form xi = q^Pa and X2 = q^Ja + qgPa with q^,q„ -.^ ^W^ , q^ -.^^ ^ M^ 
satisfying q^ /\qci = 0. Note that this implies that f)(V',a) = span{2;i(?/;,a),X2(V') «)} is a 
two-dimensional abelian Lie subalgebra of iso(2, 1) for all values of tp and a. It is a Cartan 
subalgebra if and only if q^^q^ satisfy the additional requirement q^,q\ / 0. We do not 
assume that r{tjj,a) is invariant under the subalgebra ^{ij),a). 



Although such solutions of the CDYBE (24) do not correspond to classical dynamical r- 



matrices in the sense of Definition 4.7 admitting such generalised solutions allows us to apply 



the CDYBE to the maps r and q^,qa,qg in Definition 4.6 and to determine under which 
conditions they give rise to a solution of the CDYBE. By comparing these conditions to the 



requirement that the bracket { , }/) in Definition 4.6 satisfies the Jacobi identity, we obtain 
the following theorem. 



Theorem 4.8. The bracket { , }£> in Definition 4-6 satisfies the Jacobi identity and hence 
defines a Poisson structure on IS0(2, l)'*^2+2g ^y ^^^^ ^^j^y ^j_. 

p2 



1. The map r : M^ -;> iso(2, 1) (g) iso(2, 1) in ^ satisfies the CDYBE with x^ 
and xi = q'^Pa, X2 = q%Ja + q^Pa- 

2. The following additional conditions hold: 



ip, X 



a 



de^ab 



= g; + e^q'^d^q'^ + q'^V, " - q'^V\ 

= e^,,qiv"^ + e^^qiV^^ + e^^sly^n 

^ = qi + e\s\do.q% + e\s\d^ql - e\,m\l + qlv^ '^ - q^V^ " . 



e\siy'''^qlQc.ql-q%Q^ql. 



(25) 



Proof. 



1. As a first step, we show that a map r : M^ — )• i5o(2, 1) ® i5o(2, 1) of the form (23) is a 
solution of the CDYBE with x^ = V', x^ = a, xi = q'^Pa : M ^^ M^, X2 = g; 
M'^ — >■ M'^ if and only if it satisfies the equations 



Q'^a + Qfj^a '■ 



= T 



abc ._ 



2le'""'d^md - q\d^V'^ + q%d^V''^ 



ybdycg^^a 



ydaycg^^b ^ ydaybg^^^c 



da -.be 



yaa^ 



d' 



= O := q^ • d^m + qg • SqTTI + w ■ m with e 



abc 



Wc 



^/ab T/'"' 



(26) 



Inserting expression (23) for r into the left-hand side of the CDYBE (24) and using 



expressions (IT| for the Lie bracket of iso(2, 1), we obtain 



[[r,r]] 



.abc 



w ■ m e'""'Pa ^ Pb^ Pc + 



[Vbdv-9e a + yrf-yc3^ 6 _ ydaybg^ c ^ ydn^bc^^ {J,(g>P,(g>P, - P,0Ja(S>Pc + Pl0P^Ja) 
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Setting x^ = i/j, 



a 



, xi = q'^Pa, X2 = QaJa + QgPa and using daV = 0, we find that 



the right-hand side of the CDYBE is given by: 

2 



E a^i 5x.^23 - 4 ^--.^13 + a^f ^5,,n2 = (g^ • d^m + qe ■ do,m)e'''"'Pa®Pb®Pc + 



i=l 



(qle'""^dc,md - ^^V^" + <l%d^y^") i^a ^ Pb^ Pc - Pb^ Ja^ Pc + Pb ^ Pc^ Ja). 



A comparison of the coefficients in these two expressions then yields equations ( 26 ) . 



2. To determine under which conditions the bracket in Definition 14.61 satisfies the Jacobi 
identity, we consider the variables il},a , functions h G C°°(S0+(2, l)""^"*"^^) and the 
variables j\ for X G {M3, . . . ,Bg}. The structure of the Poisson algebra in Theorem 



4.5 allows us to reduce the proof to six cases which are distinguished by the number of 



variables j^-, ip, a in the brackets. 

(a) For cyclic sums over brackets of the form {h, {JyjJz}d}d with Y, Z £ {M3, . . . , Bg}, 
we obtain 

{h, {J'yJz}d}d + {J'y, {fz, Md}d + 01, {h, j'y}D}D 

= (1 - AdiUy'))\{l - Adiu~/)yT'^^^ 5]« + L^y)h, 

Y€{Ah,...,Bg} 



where T'^'^^ is the term in the first equation of (26). Consequently, it vanishes if r 
satisfies the CDYBE. 

(b) For cyclic sums over brackets of the form {jx, {Jy^Jz}d}d with X,Y, Z (^ {Ms, ■ ■ ■ , 
Bg}, we have 

{Jx,{JyJz}d}d + {jt, {JzJx}d}d + {Jh {JxJy}d}d 
= (1 - Ad{uY'))\{l - Ad{uz'))\e\/xT^^' 
+ (1 - Ad{ux'))\{t - Ad{u-^')Y^ e\gj^T^f^ 
+ (1 - Ad{ux'))%{l-Ad{uy'))\e^,gj''z^^f3 
+ (1 - Ad{u-x'))\{l - Ad{uY'))\{l - Ad{u-z^)Yje''^f^, 

where T^'^ and i7 are, respectively, the terms in the first and second lines of (26). 



This shows that the Jacobi identity for brackets of this type is satisfied if and only 
if r is a solution of the CDYBE. 

(c) The remaining cases involve cyclic sums over brackets of the form {ifj, {3x-3y^d}d, 
{xlj,{a,fx}D]D, {a,{h,j\.]D]D and {a, {j^, j^}z)}d with X,Y e {Ms,...,Bg}. 
A direct calculation along the same lines as in cases (a) and (b) shows that the 
Jacobi identity is satisfied for brackets of this type if and only if the identities in 



(25) hold. 



Theorem 4.8 gives a direct link between Poisson structures on 



D 



IS0(2, l)"-2+29 of the 



form in Definition 4.6 and solutions of the CDYBE. As is apparent in the proof, the CDYBE 
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is a necessary and sufficient condition which ensures that the Poisson brackets of functions 
F,G e C°°(ISO(2,l)"-2+29) satisfy the Jacobi identity for all values of V and a. The 
additional conditions ( |25[ ) ensure that the Jacobi identity also holds for mixed brackets 
involving the variables ijj,a as well as functions F £ C°°(IS0(2, l)"~2+2g^_ -^^ ^^yi show in 
the next section that these conditions have a direct geometrical interpretation. They allow 
one to locally transform a solution r : M^ — ;► iso(2, 1) (8) iso(2, 1) of the CDYBE into a classical 
dynamical r-matrix in the sense of Definition |4.7| that is invariant under a fixed Cartan 
subalgebra f) C iso(2, 1). 



4.3 Examples of solutions 



The conditions (26) that characterise the classical dynamical Yang-Baxter equation and 



the supplementary conditions (25) in Theorem 4.8 are quite complicated. It is therefore 



not obvious to determine solutions of these equations. In the following, we show that the 
specific gauge fixing conditions investigated in j^H] give rise to a solution of the CDYBE that 



also satisfies the additional conditions (25) in Theorem 4.8 We also determine a simplified 



standard set of solutions of these equations that are classical dynamical r-matrices in the 
sense of Definition 14.71 



The publication [25^ investigates a specific set of gauge fixing conditions of the type discussed 



in Section 3.5 which is motivated by its direct physical interpretation in the application to 



the Chern-Simons formulation of (2+1) -gravity. These gauge fixing conditions consider the 
case where the two gauge-fixed holonomies Mi,M2 are restricted to conjugacy classes 

Cj = {h ■ exp(-/ij Jo - SjPo) • /i~i I /i G IS0(2, 1)} Vj = 1,2, 

with /Ui,//2 G (0, 27r), si, S2 G M. The resulting Dirac bracket is determined in j28]. It takes 
the form of Theorem 4.5 and Definition 4.6 with r : M^ — ^ iso(2, 1) (8) iso(2, 1) given by 



r{^P,a) = ^{Pa^r + r^Pa)-le^'"wcW{Pa^Jb-Jb^Pa)+e'''"m,{i;,a)Pa^Pb, 

w(tP) = cot ^ eo + cot ^ coth tp ei — coth tp 62, 

m(V',a) = si/(4sin^ ^) bq + si coth-(/'/(4sin^ ^) ei + ^adipw{%p). 



(27) 



The associated maps q^jQa^Qe '■ 



l^ take the form 



q^{ip,a) = — q„('0,a) = ^(coth'i/'cot ^ + cot ^/sinh?/;) eo + 2 cot ^ ^i — \ ^2, 



qe{tp,a)-- 



si coth V' 
4sin2i^ 



+ 



4sin2f 



S2 a(cot ^+ cosh V' cot ^) 

sinh ijj 2 sinh^ ip 



^° + 4sin^^^- 



(28) 



We will now show that this defines a solution of the CDYBE which also satisfies the additional 



conditions (25) 



Lemma 4.9. The map r : 

with x"^ = ifj, x^ 



-^ i5o(2,l) (8)iso(2,l) in (|27|) is a solution of the CDYBE 
a, xi = q^Pa, X2 = q^Ja + ggPa, q^,qa^qe "^ in ([28|, and satisfies 



the additional conditions (25). The maps xi,X2 :M. —, 
\:){ip,a) for all values of tp for which q3,(V')j Qq(V') / 0- 



iso(2,l) define a Cartan subalgebra 



Proof. 
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1. That the maps xi, X2 : 



i5o(2, 1) define a two-dimensional abelian Lie subalgebra 



of iso(2, 1) follows directly from the condition q^, A g„ = 0. One finds that this Lie 
subalgebra is a Cartan subalgebra for all values of ip for which q'^{ip) 7^ 0. 

2. That r solves the CDYBE can be shown with a direct calculation. Inserting the 
expressions (27) for w,m and expressions (28) for q^,q0 into the left-hand-side of 



the second equation in (26), one finds after some computations that this expression 
3rify tha 
Mat (3,] 



vanishes. To verify that the first set of equations in (26) is satisfied, we note that for 

of the form V^il^) 



1 afc 
2'/ 



' 2^ c 



maps V : IE 

the first line of (26) is equivalent to the following conditions 

1 -I- tu^ -I- 2g^ • d^w = 0, d^pw A dain = 0, 



w''{\Ij) with w : 



dr 



m 



ah 



-\d^ 



w\\. 



(29) 



Setting q^ ■- 

for q^ into (|29|), one verifies the first condition in (|26|). 



q^ and inserting expressions (27) for w^ra together with expression (|28| 



3. To show that r and q^^q^^ qg satisfy the additional conditions (25), we note that for 
matrices V of the form V (tp) = 2^ + 2^ 'w'^i'^)^ these conditions reduce to the 
following set of equations 



^ = q^^{^^q^- \w), 

= \{qiw- - q-^w^) + q^d^ql - q\d^ql Va, h G {0, 1,2}, 

= Qe A idaqe - \w) + q^ A d^qg + q^Am. 



(30) 



Inserting expressions (27) for w,m and expressions (28) for q^,qa,Qe i^to these equa- 
tions, one finds that they are indeed satisfied. 

D 

Note that the resulting solution of the CDYBE in [25] is not a classical dynamical r-matrix in 



the sense of Definition 4.7 While Definition 4.7 requires the choice of an abelian Lie subalgebra 
f) C iso(2, 1) and an identification of the two variables in the solution with its dual, the abelian 
Lie subalgebra i){ip, a) = spanjg^Pa, q'i!;^Ja + QePa} associated with the above solution varies 
with -0 and a. A direct calculation shows that depending on the value of ip, the Lie subalgebra 
f)('0, a) is conjugate either to the Cartan subalgebra f)a = span{ Jq, Pq} for qfh{ip) > 0, to the 



Cartan subalgebra f)b = span{ Ji, Pi} for q'^{ip) < or to the two-dimensional Lie subalgebra 
f)c = span{ Jo + Ji,Pq + Pi} for g^(^) 



0. 



The solution therefore combines solutions of the CDYBE that are associated with different, 
non-conjugate two-dimensional Lie subalgebras of iso(2,l). To show that the existence 
of solutions associated with different Lie subalgebras is a generic phenomenon and not a 
consequence of the specific gauge fixing conditions in |[28], we determine a simple set of 
solutions of a similar form. 

Lemma 4.10. For a// c G M, 7 G C°°(M), the map r -.M? ^ iso(2, 1) iso(2, 1) given by 
r{^, a) = \{Pa®r + r®Pa) - e''\d^q'^{il,){Pa®Jb - Jb^Pa) -ae''\dlq%{^) Pa®Pb 
is a solution of the CDYBE with xi = ip, X2 = a, x^ = q'iPa, x^ = <l%Ja + QePa o,nd 

Q^W = Qaii') = 7('0)eo + \/7^(V') + l('0-c)2ei, qe(V',a) = ad^q^['p). 
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Proof. This follows by a direct calculation. 



As r is of a form similar to the solution in 



Lemma |4.9| with w = 2d,i,q,i,, m = —adlq^, 



inserting these expressions into (30) shows 



l + 25|(g^) 



directly that the conditions (25) are satisfied. The CDYBE then reduces to the requirement 

□ 



0, which is verified by a simple computation. 



Note, however, that the CDYBE (26) and the additional requirements (25 ) also admit solutions 



which are associated with fixed Cartan subalgebras of iso(2, 1) and define classical dynamical 
r-matrices in the sense of Definition 4.7 To obtain such solutions, we set qg{ip, a) = and 
either q^{tp) = Qq,(V') = ^o or q^itp) = qai'4') = ^i for aU admissible values of tp. The 



conditions (30) then reduce to the requirements w,m £ span{q^}, and the expressions (29) 



to dafn = —T^di/jW, 1 + w^ + 2q^ ■ d^w = 0. From this, one then obtains two solutions 

span{ Ji, Pi} in iso(2, 1). 

q^Pa and X2 = 



associated with the Cartan subalgebras f)a = span{ Jq, Pq} and f) 

Lemma 4.11. Two solutions of the CDYBE with x^ = ^, x^ = a, xi 
Qa^a + Qe^a that also satisfy the additional conditions ( |25[ ) are given by 

0-) Q^p = Qa = ^0; Qe = and r : (-f , f ) x M -^ iso(2, 1) iso(2, 1), 



ra{il^, a) = \{Pa®r + r®Pa) + ^ tan f (Pi A Js - P2A Ji) + 

f^) Qip = Qa = ^i> Qe = ^ ^"^d r -.M? ^ iso(2, 1) ® tso(2, 1), 

rbCV',") = \{Pa(^r + r(^Pa) + ^tanh | (P2AJ0 - Po^J2) + 



a 



4cos2 ^ 



a 



4cosh2| 



P1AP2 



P2AP0, 



where X f\Y := X <5^Y — Y ® X. They are classical dynamical r-matrices as in Definition 
4-7 for, respectively, the Cartan subalgebras f)a = span{Jo,Po} and t)b = span{Ji,Pi}. 



Lemma |4.11 provides us with two particularly simple classical dynamical r-matrices for 
iso(2, 1). We will show in the next section that every solution of the CDYBE of the form 



(23) which satisfies the additional conditions (25) can be transformed into one of these two 
solutions for all values of ^ for which either qT^V'), 9q(V') > (case a) or g3,(^), ^^(V') < 
(case b). 



One might wonder if there are similar solutions of the CDYBE and conditions ( 25 ) for which 
q^, q^ are fixed lightlike vectors that do not depend on ip and a. However, it turns out that 
such solutions do not exist. This appears to be linked to the fact that the vectors q^^q^ 
associated with the solutions in Lemma 4.9 and Lemma 4.10 are spacelike or timelike for 
values of ip in certain open intervals of M, but can become lightlike only for a very specific 
discrete set of values of ip. This again suggests that the variation of q^, q^ with ■0 is a generic 
feature of the gauge fixing procedure, and that there are no gauge fixing conditions that allow 
one to obtain a Poisson structure determined by vectors q^,^^ that are lightlike for all ip. 
We have the following lemma: 



There are no simultaneous solutions of the CDYBE (24) and conditions (25) 

and q^ —-^ 



Lemma 4.12 

for which q^,qa,, qe o,f^ constant vectors with q^ A q 



i^l) 



0. 



Proof. Suppose that r : M 



-> iso(2,l] 



conditions (25) imply Q 



-)02 






22 



(8> iso(2, 1) is of the form in Definition 4.6 with 
where Q : M — ^ Mat(3,M) is symmetric. Then 
= 0, Q°° = Q°i = Qii and w e spanjeo + ei}. 



Inserting this into the first equation of (26) yields a contradiction and thus proves the 
claim. n 
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5 Transformations between Dirac brackets 

5.1 Dynamical Poincare transformations 

The results of the previous section show how constraint functions that satisfy the conditions 



in Definition |4.4| and the requirements a and b from Section 3.5 give rise to a Dirac bracket 
that is given by solutions of the CDYBE. In this section, we investigate the transformation of 
the Dirac bracket under a change of constraint functions. 



For this, recall from the discussion before Theorem 4.5 that any set of admissible constraint 
functions restricts the variables Mi, M2 which parametrise the first two copies of IS 0(2, 1) in 
IS0(2, l)"+25 in such a way that they are determined uniquely by the two conjugation invariant 
quantities V', a which depend only on the product M2-Mi. This suggests that for any two sets of 
variables Mi , M2 and M{ , M2 obtained in this way, there should be a Poincare transformation 
p{i), a) e IS0(2, 1) such that M[ = p{i;, a) ■ Mi ■ p{ip, a)"^ and M^ = p{ijj, a) ■ M2 ■ p(V', a)'^. 
If the associated gauge fixing conditions satisfy conditions a and b from Section |3.5[ it follows 



from (15 ) that one can restrict attention to Poincare transformations p(^, a) whose Lorentzian 
components do not depend on a and whose translational components depend on a at most 
linearly. 



This is a strong motivation to investigate the transformation of the bracket in Definition 4.6 
under such Poincare transformations. We therefore consider smooth maps 

$P : M^ X IS0(2, l)"-2+29 ^ m2 ^ IS0(2, l)"-2+23^ (31) 

{tlj,a,M3,...,Bg) ^ {tp^a, p{i^,a) ■ M3 ■ p{Tp,a)~'^, . . . , p{'>p,a) ■ Bg • p('0,a)"-^), 

where p = {g,-M{g)t) £ C°°(M2,iS0(2, 1)) with d^g = d^t = 0. We find that the transfor- 
mation of the bracket { ,}d under such a dynamical Poincare transformation corresponds to a 
simultaneous transformation of the maps r : M2 _). i5o(2, l)0iso(2, 1) and q^, q^, Qq :M? ^ M^. 



Lemma 5.1. Let {, }d and r : M2 — )• iso(2, 1) (8) iso(2, 1) be given as in Definition 4-6 and con- 
sider a dynamical Poincare transformation ^p :R^ x IS0(2, l)"-2+2g _^^2 ^ IS0(2, l)"-2+25 
as above. Then for all F,G e C"^(M2 x IS0(2, l)"-2+29) . 

{F o $P, G o <^p}d = {F, G}^ o $P, 

where { , }^ is the bracket from Definition 



[.6 associated with 

(f^ = Ad(5)q^, gP = M{g)q^, q^ = Ad{g){qg -q^At), | 

rP = (Ad(p)0Ad(p))[r + r/P-r?fJ, J 

and r/P : M2 — )• iso(2, 1) (g) iso(2, 1) is given by 

^^ = q^^Pa ® p-^d^p + (q^a + QePa) ^ P'^dap. (33) 

Proof. 

1. To derive explicit expressions for the transformed bracket {,}^, it is convenient to 
consider two cases separately, namely Lorentz transformations g : M."^ ^ S0+(2,l), 
which do not depend on a, and translations t : M2 — ;► M^, which depend on a at most 
linearly. 
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We start by determining concrete expressions for r*' from formula ( 32 ) . For a Lorentz 
transformation p = (51, 0) : M — > S0+(2, 1) with daP = 0, we have r/^(V') = q'^WPa ® 
g~^d^g{ip). Expanding this terms of a basis as g~^d^g{ip) = n'^{ip)Ja then yields 

rP = {Ad{g) Ad{g)) [r + q'^n\Pa Jfe - Jfe Pa)] • (34) 

In the case of a translation p = (1, t) : M^ — >■ M with d'^t = 0, we have fj'P = q'^d^t^Pa <8) 
Pb + Qa^at^Ja (^ Pb + Qgdat^Pa ^ Pb- Inserting this with expression (p3|) for r into p2|) 



and using the identities Ad(f) Jq = Ja + ^ab^^Pc^ Ad(t)Pa = Pa, we obtain after some 
computations 



r - dc^f^q'^iPa ^Jb-Jb<^ Pa) 



£'^",[(1 - V''a)t + VH + q^Ad^t+ [qg - q„ A t] A 5„t] "Pa Pb- 



(35) 



2. We now derive explicit expressions for the transformed Poisson brackets {, y^. For a 
Lorentz transformation p = {g,0) : M — )■ S0+(2, 1) with daP = 0, it follows directly from 
the identity {ip,a}D = that the Poisson brackets involving the variables ^ and a with 
functions on IS0(2, l)"^2+23 ^^^^ given by: 

{^ O $P, /l O $P}£, =0, 

{^P o <^P,j^ o <^P}n = [ - (1 - Ad(^i^i)) Ad{g) q^] o $P, 

{a o<^P,ho $^}^ = [^ Ad(5)>^(4. + jL)h] o ^^ 
ye{M3,...,B9} 

{a o <^P,j^ o ci>P}^ = [ - (1 - Ad(n3,i)) Ad{g)qg - (Ad(ff)gJ A j^] o <^p, 

for ah /i G C°^(S0+(2, l)"-2+29) and X G {M3, . . . , P^}. To determine the brackets 
of the type {F,G}^ with F,G e C°°(IS0(2, l)"-2+29), we again consider functions 
h G C°°(S0+(2, l)"-2+2<;) and the variables jx, X G {M3, . . . , Bg}. After some straight- 
forward computations, we obtain 



$P, 



{j1ocI>p,/io$p}b = 

{j1, M o $^ - Ad(5)'',(l - Ad(n^i))\(n - 4ne) [5:(#^ + J^'^)/i 

ye{M3,...,Ss} 

which allows us to express the transformed bracket as 

{j1 o^P^ho ^P}o = [{j1, M - (1 - Ad(n^i))\(F^)\ ^( J^-'^ + J^'^)/i' 

ye{A/3,...,Ba} 

with (n^=Ad(5)^Ad(5)enn -9""p]- 

An analogous calculation for the brackets of the form {j^ ° ^p,Jy ° ^^}d shows that 
it is obtained by transforming V — t- VP as above and replacing m : M2 _). ]^3 ]-,y 
mP = Ad{g)Tn : M^ — )• M"^. This implies that the transformed bracket takes the form 



$P, 



{Fo<^p,Go<^p}d = [Bl:i^'^{dF (g)dG)]o $p with rP given by (|34j) and proves the claim 
for the Lorentz transformations. 

3. To determine the transformation of the bracket { , }d under translations, we again 
use the parametrisation in terms of the variables jx, X £ {M3, . . . , Bg} and functions 
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h G C°°(S0+(2, 1)*^ 2+2g^_ rpj^g transformation of these variables under a translation 
p = (0, t) : ]R2 ^ ]R3 ig gi^gj^ hy ho^P = h and jj^ o $P = j^ + (1 - Ad{u^^))t. This 
implies directly that the brackets {^jJ, h}D and {a, h}D are preserved, and with the 
relations {a,'ip}D = 0, {ijj,h}D = 0, one obtains the same for the brackets {'4>,Jx}d- 
The formula for the brackets {a, j'xId follows directly from the relation 



{a,{l-Adiu-/))\} 



D 



Q"m(l 



Adfei))"\+.,r(l-Ad(n^i)), 



Qi 



We thus find that the transformed brackets involving the variables i/^, a are given by 
{7po<^P,ho<^P}o = 0, 

{V^ o <^P,j^ o <^P}n = [-(1 - Ad(n3,i)) g^] o ^p, 
{a o<^P,ho <^P}n = E C(4a + -^L)/^] ° ^^ 



ye{A/3,...,Bs} 



{a o (DP, j^ o <^P}^ = [-(1 - Ad(n^i))(ge - q^ a t) - g, A j^] o <I>^ 

To determine the transformed brackets {Fo$p, Go^p}^, for F,G G C°°(IS0{2, i)"-2+29)^ 
we calculate the brackets of functions h G C°°(S0+(2, l)"~2+2g^ g^j^^^ variables JxiJy 
for X, y G {-/Vfs, . . . ,Bg}. A direct computation yields 



ye{M3,...,i?J 



$p, 



te°^^Jyo^^}D 



-da „■/ 



V,9 ^db^jf^ 



iS 



' ^^''^mP 



$P, 



- (1 - Ad(n^i));(yP)^,e'^Vx + (1 - Adfei))"^(l - Ad{uy'))\e 

with (yp)''^ = v^"" + 9«t^^, 

and mP = m + (1 - V^^ )t + V'^t + q^ A d^t + {qg - g„ A t) A dat. 

For all F,Gg C°°(IS0(2, l)"--2+23-j ^.j^g transformed bracket therefore takes the form 
{F o $P, G o $P}^ = [5"p"^'^(dF dG)] o $p with r^ given by ^. This proves the 
claim. 
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Lemma |5.1| gives explicit expressions for the transformation of the bracket in Definition 4.6 
under dynamical Poincare transformations which depend on the variables ■0) ct and act 
diagonally on IS0(2, l)"~2+23^ j^ allows one to identify the transformed bracket with another 
bracket of the form in Definition 4.6 associated with transformed maps r^ : M^ — )■ iso(2, 1) 



iso(2, 1) and g^ , gP , g^ M^ ^ M.^^~ 

As the bracket { , }d in Definition 4.6 is modelled after the Dirac bracket in Theorem 4.5 and 
Poincare transformations of this type can be viewed as transitions between different gauge fixing 
conditions, it is natural to ask whether these Poincare transformations preserve the Jacobi 
identity. For this, note that, given any Poisson manifold (M, { , }) and a diffeomorphism ^ : 
M — )• M, one obtains a new Poisson bracket { , }* on M by setting {/, g}* := {/o<l>, go^}o^^^. 
As shown in Lemma 



5.1 



the bracket {,}£> = {, }*'' obtained from { , }d by applying the 



diffeomorphism <I>P from (31) is again of the form in Definition 4.6 but with the transformed 



maps rP,g^,gP,gg 



From Theorem 



4.8 



we thus deduce that these transformed maps are 



solutions of the CDYBE ( 24 ) and the additional conditions ( 25 ) if and only if the original 
maps r,g^,g„,gg are. 
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-^ i5o(2,l) 



iso(2,l) as in (23) he a solution of the CDYBE 



q^Ja + QaPa such that the conditions in (25) are 



5.1 



Corollary 5.2. Let r : S 

with x^ = ip, x'^ = a, xi 

satisfied and let p : M^ — ^ IS0(2, 1) he a dynamical Poincare transformation as in Lemma 
Then r^ : M^ — )• i5o(2, 1) iso(2, 1) is a solution of the CDYBE with x^ = ip, x"^ = a and 
xi = q^^Pa, X2 = Qa'^Ja + Qg'"^ Pa cmd Satisfies (25). The map $^ is a Poisson isomorphism 
between the Poisson structures { , }d and { , }^. 



As discussed in the previous section, the equivalence of the CDYBE and conditions (25) with 



the Jacobi identity for the bracket in Definition 4.6 suggests that the solutions should be 



viewed as a generalisation of the classical dynamical r-matrices in Definition 4.7 for which 
the associated abelian subalgebra of i5o(2, 1) is allowed to vary with the variables V' and a. 
The transformation formula (32) for the maps r : M^ — )■ iso(2, 1) ® iso(2, 1) under dynamical 



Poincare transformations and the fact that these Poincare transformations preserve the Jacobi 
identity suggests that these Poincare transformations should be interpreted as a generalised 
version of the gauge transformations of classical dynamical r-matrices introduced by Etingof 
and Varchenko in their work on the classification of classical dynamical r-matrices [19] (see also 
|34| [T71 [TE[ E] for further work on the classification) . We summarise the relevant definitions 
and results from [T9l. 



Definition 5.3 ([13). Let G he a Lie group, H C G an ahelian suhgroup and r : f)* — )■ g(8)0 a 
classical dynamical r -matrix for (f),0). A gauge transformation of r is a smooth function 
n : f)* — ^ G into the centraliser G of H in G which acts on r according tOQ 



„n 



(Ad(n)0Ad(n))[r + 7/n-7yn] 



(36) 



where r/n : f)* — ^ f) ® 0^ is the map dual to the q^ -valued one-form r/n = H -"^dll on f}* and 
fj^ denotes its flip with values in g'' ® f). 

The name gauge transformation is motivated by the fact that it maps classical dynamical 
r-matrices for (f),0) to classical dynamical r-matrices for (f),0). It is shown in [19j that if r is 
an f}-invariant solution of the CDYBE, then this also holds for the transformed r-matrix r . 



Theorem 5.4 ([19 ). Let G he a Lie group, H <Z G an ahelian suhgroup and r : f)* — t- 
classical dynamical r -matrix for (f},0). Then for every gauge transformation 11 : \)* 
r is a classical dynamical r-matrix for (f),0). 



5g a 
G", 



By comparing formula ( 32 ) for the action of dynamical Poincare transformations on the 



solutions of the CDYBE with the one in Definition 5.3 it becomes apparent that the two 



expressions agree. The only difference is that in Definition 5.3 the gauge transformations 
are restricted to take values in the centraliser of the subgroup H G G, while no such 
condition is imposed in our case. Consequently, the dynamical Poincare transformations 
also act on the maps (l^,Cla^Qe '■ ^^ ~^ ^^ and hence on the associated two-dimensional Lie 
subalgebra fi('0, a) = span{q'^Pa, qaJa + qePa]- This is also apparent in the formula for the 
map 7]^ : M^ — 7- i5o(2, 1) (8)iso(2, 1) in (33 ), which depends on the chosen basis of the subalgebra 
f)(V',a). 



It is therefore instructive to consider the gauge transformations ( 36 ) for the classical dynamical 



r-matrices from Lemma 4.11 which are associated with fixed Cartan subalgebras \)a 



^The sign difference between this formula and the one in |19| is due to a different sign convention for the 
CDYBE ((24|. 
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spanjPo) «^o} C i5o(2, 1) and l)b = spanjPi, Ji} C iso(2, 1). In that case, the abehan subgroup 
H in Definition |5.3| is obtained by exponentiating, respectively, the Cartan subalgebras f)a 
and f)6, and the associated centrahser G coincides with H. With our additional restriction 
that the Lorentzian component of 11 does not depend on a and its translational component 

G in Definition 



depends on a at most linearly, the map 11 : t}* 



5.3 



the form !!(?/;, a) 
in case a and j = 
ra,b : M ^ iso(2, 1) 



(exp(-/3(V')J,-),-[7W +aS{ij)]ej) with /3,7,5 



therefore takes 
> M and j = 



1 in case b). The transformation of the classical dynamical r- matrices 
iso(2, 1) in Lemma 



4.11 



r {ip, a) = r{il>^ a) 



under 11 is thus given by 

[/3'(V^) - 5mPj A J,-, 



with J = in case a) and j = 1 in case b). As [/3'(V') — ^{'^)]Pj ^ Jj satisfies the classical 
dynamical Yang-Baxter equation and because [[r(^, a),Pj A Jj]] + [[Pj A Jj,r{ip, a)]] = 0, it is 
directly apparent that this yields another classical dynamical r-matrix for (f),iso(2, 1)) and 
only modifies r by adding a twist. 

Note in particular that r^^fc are invariant under gauge transformations 11 : i}a,b -^ H of 
the form U{'il^,a) = {exp{-P{i;)Jj),-ap'{ip)Pj) and n(^,a) = {l,--f{ij)Pj). The former 
correspond to combinations of a Lorentz transformation that preserves fia^f, and a translation 
in the direction of its axis. The latter correspond to translations which do not depend on the 
parameter a. By specialising formula (22 ) to the case at hand in which Q^ = Qq, = Cj, Qg = 



one finds that these are precisely the fiows that the variables ip ■ a and ijj generate via the 



bracket { , }d in Definition 4.6 



5.2 Standard solutions and classical dynamical r-matrices 



Although Theorem |4.8| provides a direct link between the Jacobi identity for the bracket in 



Definition 4.6 and solutions of the CDYBE that are subject to the additional conditions (25), 
the disadvantage of this description is that the associated solutions r : M^ — >■ iso(2, 1) (8)iso(2, 1) 
are in general quite complicated and the additional conditions ( 25 ) do not have an immediate 
geometrical interpretation. 

It is therefore natural to ask if they can be related to a simple set of standard solutions which 



define classical dynamical r-matrices in the sense of Definition 4.7 The results of the previous 
subsection suggest that this can be achieved by applying dynamical Poincare transformations. 
As we will see in the following, this is possible for those values of the parameters ^p for which 
q^ and q^ are timelike or spacelike. A necessary and sufficient condition then is that the 
maps r : M^ — ^ i5o(2,l) (gi iso(2,l) and q^,qajQe : M^ — ^ M^ satisfy the equations (25) in 



Theorem 4.8 We have the following lemma: 



Lemma 5.5. Consider r : I xM ^ iso(2, 1) 0X50(2, 1) as in (23) and q^, q^, q^ : / x M — ^ B 

S is an open interval with q^{il)) , q1^{'4)) ^ 0, q^{ip) Aq^{ip) = and daq^{ip) 



for all tp (z I. If r and qj,,qajQe satisfy the conditions (25), then 



where I C 

daqaW = 

there exists a Poincare transformation as in Lemma 5.1 such that the transformed quantities 
> iso(2, 1) ® iso(2, 1), q^, Qg, q^ : / x M ^ R^ t/e/inec/ hy ([32]) are of the form 



rP : Ix 



\{Pa' 



r + r® Pa) - y^'^^wPPa AJb + y^^'niPPa A Pfo, 



(37) 



with one of the following: 

a) Qv" ^S' Qe> «^^> "^^ ^ spanjeo} and qP'^d^q^'^ = Q^^d^q, 



a ' 
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b) q^,q^,qg,wP,mP G spanjei} and q^^'^daqs'^ = q^^d^qP;^. 



Proof. 



1. Let r be of the form (23) and q^,qaiQe '■ / x M — )■ M'^ with q^ A q^, = and either 
q'^,q'^ > (case a) or q^q^^ < ^ (case b). Then the formulas for the action of dynamical 
Lorentz transformations in Lemma |5.1| imply that via a suitable Lorentz transformation 
(7 : R^ — )■ S0+(2, 1), dag = 0, we can achieve one of the following: a) q^^q^ £ spanjeo} 
or b) g^,q„ G spanjei}. 

The resulting matrix V :^ ^ Mat(3,M) in (23) can be decomposed into a symmetric 



and an antisymmetric component according to 

with w : I ^^ and Q : I — t- Mat (3, M) symmetric. By applying a suitable translation 
t : I X M — >■ M'^, d^t = 0, which does not affect qj,,qai one can then achieve that the 
symmetric matrix Q"^ : / x M -^ Mat(3, M) satisfies Q^"" = Q''0 ^q'^^^ |q^ i^ 2} in case 
a) and Q^"" = Q^'i = Va G {0, 1, 2} in case b). With a further translation t' : M^ ^ M^ 
which satisfies dat' = and hence does not affect V, one can achieve that qg takes the 
form qg = a ■ daqg + qe with daCle = and qg £ spanjeo} in case a) or qg £ spanjei} 
in case b). 



2. After these transformations, the first condition in (25) is satisfied if and only if lu G 



spanjeo} and Q^^ + Q^^ = in case a) and w G spanjei} and Q^^ — Q'^^ = in case 



b). Under these conditions, the second equation in (25) simplifies to 



Qadaql - q^d^ql + QUe^dhQ"" + e'dhQ'^') = Va, 6 G {0, 1,2}. 

This implies daqg G spanjeo}, Q = in case a) and daqg G spanjei}, Q = in case b). 
Combining this with the previous results, we obtain qg G spanjeo} and q^daq^ = q^d^q^ 
in case a) and qg G spanjei} and qadaqg = q^pd^qa in case b). Inserting these conditions 
into the third equation in ( |25| ), one finds that this equation simplifies to the condition 
m Aqa = 0, which implies m G spanjeo} in case a) and m G spanjei} in case b). This 
proves the claim. 

□ 



5.5 



then 



If r : M^ — ;► iso(2, 1) (g) iso(2, 1) and q^, qa, qg :M? ^ M^ are of the form in Lemma 
f)(V', a) = spanjg^Pa, qaJa + qg^a} is a fixed Cartan subalgebra of iso(2, 1) which no longer 
varies with ip and a. Moreover, a direct calculation shows that r{'tp, a) is then invariant under 
the action of the Cartan subalgebra i){ip, a): [y ® 1 + 1 ® y, r{ip, a)] = for all y G i){ip, a). 



This provides us with a natural geometrical interpretation of the conditions (|25|) in Theorem 4.8 

lip 



These conditions ensure that for all values of tp for which g3,(V')) 9a(V') 7^ Oi the maps 



iso(2,l) ®iso(2,l), q^,qa,qg '■ ^ ^ ^ (which are not required to satisfy the 



CDYBE in Lemma 5.5 ) can be brought into a standard form via a suitable dynamical Poincare 



transformation. The resulting map r : M."^ ^ iso(2,l) ® iso(2,l) is then invariant under 



the fixed Cartan subalgebra spanned by q^,qg,qa- The conditions ( 25 ) can therefore be 



viewed as a generalised or Poincare-transformed version of the restriction to a fixed Cartan 
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subalgebra in Definition 4.7 As shown in the proof of Theorem |4.8| , they ensure that the 
Jacobi identity holds for mixed brackets involving functions of the variables ^, a and functions 
on IS0(2, l)"-2+2<?. 



Lemma 5.5 applies in particular to solutions of the CDYBE that satisfy the conditions (25) 
and hence give rise to Poisson structures { , }/5 on M^ x IS0(2, l)"~2+23_ This allows one to 
(locally) classify all possible solutions of the CDYBE that arise from gauge fixing conditions 



satisfying the conditions in Section 3.5 and hence all associated Dirac brackets. 

Theorem 5.6. Let r : / x M — ^ iso(2, 1) iso(2, 1) be a solution of the CDYBE with x^ = tp, 



X 



a 



) 2^1 = q%Pa, X2 = QaJa + QePa that Satisfies conditions (25) in Theorem 4-8 and for 



which qd, Qq, / 0, q^p f\qa = ^ O'f^d daQ^ = daQa — (^a^e — ^ on I xM.. Then there exists 
a Poincare transformation p : I x M ^ IS0(2, 1) as in Lemma 5.5 and a diffeomorphism 
{y\y^):IxR 



y 



/' X M with daVi = and d^y2 = such that one of the following holds: 



a) Q^h^Qa^Qe ^ spanjeo} and 



rP{i;,a) = UPa^r + r^Pa) + ^ tan ™ (Pi A J2-P2A Ji) + 



b) Q^^QaiQe £ spanjei} and 



rP{iP,a) = liPa0r + r(dPa) + ^ tanh ^ (P2A Jq-PqA J2) + 



4cos2^ 



y^{tp,a) 



Pl/\P2, 



4 cosh 



2 y^W 
2 



P2/\P0. 



Proof. 



1. By Lemma 5.5 there exists a Poincare-valued function p : / x M — )■ IS0(2, 1) whose 
Lorentzian component does not depend on a and whose translation component depends 
on a at most linearly such that rP : LxR -^ iso(2, l)(giiso(2, 1) and qL q^,, q^ : LxR -^ R^ 
satisfy again the CDYBE as well as conditions (p5|) and are of the form given in 



Lemma 5.5 This implies that r is of the form (37): 

rP = i(p, J« + J« PJ - le'^'^^wPPa AJb + \e'''"'mPPa A P^ 



with q^>,qP^,qQ,wP,mP subject to conditions a) or b) in Lemma 



there are smooth functions /3, 7, 6, e, ipQ, (fi : L —. 
such that 

9^. = /^^i' ^S = TSj, q^g = {5 + a t'/^/t) Sj, w 



5.5 



It follows that 



with j3{ip),-f{tlJY^ for ah V' e / 
eej, mP = {ipo + a(pi)ej, 



where j = in case a) and j = 1 in case b). Inserting these expressions into (29), one finds 
that rP satisfies the CDYBE with x^ = tp, x'^ = a, xi = q^"'Pa and X2 = q^°'Ja + Og'^^Pa 
if and only if the coefficient functions /3, 7, 5, e, (/Jq, y^i : / — ^ M satisfy the following set of 
differential equations: 



-fifi + i/3e' = 0, 1 ± e^ ± 2/3e' = 0, 13^'q + 6^1 + eipo = 0, 



(38) 



where the sign + in the second equation refers to case a), the sign — to case b). Set 
3 = 1/7 and let / : M — 7- M be a function with /' = 1//3. Then the second equation can 
be integrated to e{ip) = — tan(/(-(/')/2) in case a) and e{ip) = tanh(/('0)/2) in case b). 
Inserting this result into the remaining two equations, we obtain 



M^) = -hWe'W, S{^) 



h'W 



f'WgW 
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with /i(V') = 4c^o(V') cos^(/(V')/2) in case a) and /i(V') = 4(^0 ("0) cosh^ (/(?/;) /2) in case 
b). It follows that q^,q^,q0,w,m are given by: 



qIW 



eo 



/'W 



QlW 



_eo_ 



, Q^ei^, a) 



f'WgW 



eo, 



loP(V') = — tan(/(-(/')/2) eo, m^(V',a) = -j „ eo in case a), 



wP{i;) = tanh(/(^)/2) eg, mP(V, a) 



4cos2(/(V;)/2) 
/i(V)) + agjtp) 
"4cosh2(/(V.)/2) 



^ (39) 



eo in case b). 



2. With the definitions y^{ijj) = /(V')i y^(V'iQ^) = ^(V') + ckS'(V') this yields expressions a) 
and b) for r. For any yi,y2 G iso(2, 1) the right-hand side of the CDYBE then takes the 
form 

y«9,. r,3 - y?^d^. n, + yf^d^. n, + ,«a,. r,, - yfd,. n, + yi'^d,. n. 



where 



xi(V') 



yi(V') 



X2(V',a) 



y2(V',a) (/i'(V') + a5r'(V'))yi(V') 



Setting yi = Pq, y2 = Jo hi case a) and yi = Pi, y2 = Ji in case b), we obtain 
xi = q^^Pa, X2 = q^"-Ja + (fe'"' Pa with Q^, qg , q^ given by ([39|. This proves the claim. 

n 



Theorem 5.6 amounts to a classification of all possible solutions of the CDYBE (24) of the 



form in Definition 4.6 that satisfy the additional conditions (25) and hence of all Poisson 



structures of the type in Definition |4.6[ It states that locally all such Poisson structures 



are obtained from one of the classical dynamical r-matrices in Lemma 4.11 by applying 
a suitable Poincare transformation together with a rescaling of the variables ip, a. Note, 
however, that this classification is only local in the following sense: for any given value ■00 
of the variable ip for which q^,q^ 7^ 0, there is an open interval I <Z ^, ipo ^ I , such that 



r{ip,a) can be transformed into one of the classical dynamical r-matrices in Theorem 5.6 for 

ah {^lj,a) el x'K. 

In particular, this locally determines all possible Dirac brackets that arise from gauge fixing 



procedures that satisfy the well-motivated conditions in Section 3.5 The Dirac bracket of 
such a gauge fixing procedure is always determined by a solution of the CDYBE that satisfies 
the additional conditions (25) and Qw, A Qq, = 0. For those values of the variable ip for which 
q\{ip), q^{ip) / , the resulting Dirac bracket can be transformed into the bracket defined by 



one of the two classical dynamical r-matrices in Lemma 4.11 



However, the Dirac bracket resulting from a generic gauge fixing condition is associated with 
maps q^,qa : M — ^ M^ for which the signature of g3, , q^ changes as a function of the variable 
V'. In particular, this is the case for the specific gauge fixing conditions investigated in |28] . 
It is shown there that the map q^ : M^ — >■ M'^ is timelike, lightlike or spacelike for those 
values of ip for which, respectively, the product u^j^ ■ u^j-^ of the Lorentzian components of the 
gauge-fixed holonomies is elliptic, parabolic or hyperbolic. It is well-known that the product 
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of two elliptic elements of S0+(2, 1) can be either elliptic, parabolic or hyperbolic. The first 
requirement on the gauge fixing conditions in Section |3.4| implies that all of these cases must 
arise in the Dirac bracket. This suggests that such transitions between timelike, spacelike 
and lightlike solutions are a generic outcome of the gauge fixing procedure when the two 
holonomies Mi,M2 are elliptic. 

It is therefore not possible to reduce the investigation of gauge fixing procedures and the 



resulting Poisson structures to classical dynamical r-matrices in the sense of Definition 4.7 
Instead, one needs to admit more general solutions of the CDYBE and to allow the associated 
Lie subalgebras f)('0,a) C iso(2, 1) to vary non-trivially with the variables tp and a. Such 
solutions are no longer invariant under the action of the subalgebra \:){ip,a). Instead, they 



satisfy the generalised consistency conditions ( 25 ) which together with the CDYBE ensure 



the Jacobi identity for the associated Poisson bracket. 

6 Outlook and conclusions 

In this paper we applied the Dirac gauge fixing procedure to the description of the moduli space 
of flat IS0(2, l)-connections in terms of an ambient space with an auxiliary Poisson structure 
|22j . We investigated a large class of gauge fixing conditions subject to two well-motivated 
structural requirements, namely that the gauge fixing is based on the choice of two punctures 
on the underlying Riemann surface and that it preserves the natural N-grading of the auxiliary 
Poisson structure. 

We showed that the Poisson algebras obtained from gauge fixing are in one-to-one correspon- 
dence with solutions of the classical dynamical Yang-Baxter equation (CDYBE) and of a set of 
additional equations. The latter can be viewed as the counterpart of the usual requirement of 
invariance of the classical dynamical r-matrices under the action of a fixed Cartan subalgebra. 
These solutions of the CDYBE are a generalisation of classical dynamical r-matrices in which 
the associated two-dimensional Lie subalgebras of iso(2, 1) vary with the dynamical variables. 

We also demonstrated how a change of gauge fixing conditions affects the associated solutions 
of the CDYBE and showed that this change corresponds to the action of dynamical Poincare 
transformations. These dynamical Poincare transformations generalise the gauge transfor- 
mations of classical dynamical r-matrices in |19] . We found that every solution obtained 
via gauge fixing can be transformed into one of two classical dynamical r-matrices via these 
transformations and a rescaling for almost all values of the dynamical variables. This gives 
rise to a complete (local) classification of all possible outcomes of gauge fixing in the context 
of the moduli space of flat IS0(2, l)-connections. 

However, for generic solutions there are also certain values of the dynamical variables for 
which the solutions cannot be transformed into standard classical dynamical r-matrices. 
These singular points appear at the transition between classical dynamical r-matrices for two 
non-conjugate Cartan subalgebras of iso(2, 1) and are associated with two-dimensional Lie 
subalgebras of iso(2, 1) which contain parabolic elements of so(2, 1). This occurs for instance 



in the solutions in Lemma 4.9 and cannot be excluded by suitable gauge fixing conditions. 

To our knowledge this phenomenon does not appear in earlier references on the topic. We 
expect that this is due to the fact that most of these references investigate classical dynamical 
r-matrices for complex (semi)simple Lie groups, for which all Cartan subalgebras are conjugate. 
Based on our results, we would predict that such transitions between classical dynamical 
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r- matrices for non-conjugate Cartan subalgebras arise for real Lie groups for which the 
underlying symmetric, non-degenerate Ad-invariant symmetric form ( , ) is indefinite. 

Another aspect which merits further investigation is the physical interpretation of these 
classical dynamical r-matrices in the context of (2-|-l)-dimensional (quantum) gravity. It was 
shown in [2Si that gauge fixing procedures of the type investigated in this paper can be viewed 
as the specification of an observer in a (2-fl)-dimensional spacetime. Moreover, the results 
in |28] suggest a direct geometrical interpretation for the two dynamical variables in the 
classical dynamical r-matrices: they correspond to the total mass and angular momentum of 
the spacetime as measured by this observer. In this interpretation, the two standard classical 
dynamical r-matrices would be associated with the centre-of-mass frame of the universe and 
the transition points between different Cartan subalgebras would correspond to the formation 
of Gott pairs p3] . 

We expect that our results could be generalised to the other moduli spaces of flat connections 
that arise in the description of (2-|-l)-gravity for different signatures and different values of 
the cosmological constant. For Lorentzian signature, the relevant Lie groups are IS0(2, 1), 
PSL(2,]R) X PSL(2,]R) and PSL(2,C), respectively, for vanishing, negative and positive 
cosmological constant. For Euclidean signature, the corresponding Lie groups are IS0(3), 
S0(3) X S0(3) and PSL(2,C). It seems plausible that analogous gauge fixing procedures 
applied to these groups would yield similar outcomes, with the exception of the transition 
between different Cartan subalgebras, which should not occur for Euclidean signature. 

In this context, it would also be desirable to understand in more detail how our results 
are related to the classical dynamical r-matrix symmetries obtained by Buffenoir, Noui and 
Roche via a regularisation procedure for point particles coupled to Chern-Simons theory 
with gauge group SL(2, C) [ini EHJ [32]. Although the approach and setting in this work are 
very different, there should be an underlying reason that forces the appearance of classical 
dynamical r-matrices in both cases. 

It would also be interesting to investigate in more detail the relation between gauge-fixed Pois- 
son structures on the moduli space of flat IS0(2, l)-connections and mathematical structures 
associated with classical dynamical r-matrices such as Poisson-Lie groupoids. As the auxiliary 
Poisson algebra which is gauge-flxed is closely related to certain structures from the theory of 
Poisson-Lie groups, namely the dual Poisson-Lie structure and the Heisenberg double, it could 
be expected that gauge flxing should be related to the construction of dynamical versions of 
these structures. 

Finally, we expect our results to have useful application in the quantisation of the moduli 
space of flat IS0(2, l)-connections. This is due to the fact that the resulting Poisson structure 
is very closely related to Fock and Rosly's Poisson structure on the ambient space. The only 
difference is that the classical r-matrix is replaced by a classical dynamical r-matrix associated 
with two-dimensional Lie subalgebras of iso(2, 1). As Fock and Rosly's Poisson structure serves 
as the starting point for the combinatorial quantisation formalism, this suggests that this 
formalism could be extended straightforwardly to include the gauge-fixed Poisson structure. 
This would reduce the task of quantising the theory to the construction of the associated 
dynamical quantum group. 



34 



Acknowledgements 

This work was supported by the Emmy Noether research grant ME 3425/1-1 of the German 
Research Foundation (DFG). We thank Karim Noui for useful remarks and discussions and 
Stefan Waldmann and Winston Fairbairn for comments on a draft of this paper. The xAcT 
tensor calculus package [25, proved useful in some of the computations. 



References 

[1] A. Achiicarro and P. Townsend. "A Chern-Simons action for three-dimensional anti- 



de Sitter supergravity theories." Physics Letters B, 180 (1986) 89-92. |DOI:10.1016/ 
i0370-2693(86)90140-l, 

[2] A. Alekseev, A. Malkin, and E. Meinrenken. "Lie group valued moment maps." J. 
Differential Geom, 48 (1998) 445-495. arXiv:dg-ga/9707021, 

[3] A. Y. Alekseev, H. Grosse, and V. Schomerus. "Combinatorial quantization of the 
Hamiltonian Chern-Simons theory I." Communications in Mathematical Physics, 172 
(1995) 317-358. DOI:10.1007/BF02 09943Tj |arXiv:hep-th/940 3066. 



[4] A. Y. Alekseev, H. Grosse, and V. Schomerus. "Combinatorial quantization of the 
Hamiltonian Chern-Simons theory II." Communications in Mathematical Physics, 174 



(1996) 561-604. DOI:10.1007/BFQ2101528 arXiv:hep-th/9408097. 



[5] A. Y. Alekseev and A. Z. Malkin. "Symplectic structure of the moduli space of flat 
connection on a Riemann surface." Comm^unications in Mathematical Physics, 169 (1995) 
99-119. |DOI:10.1007/BF02101598[ |arXiv:hep-th/9312004vI| 



[6] A. Y. Alekseev and V. Schomerus. "Representation theory of Chern-Simons observables." 
Duke Mathematical Journal, 85 (1996) 447-510. |DOI:10.1215/S0012- 7094-96-08519- 1] 
|arXiv:q-alg/9503016f 

[7] M. Atiyah and R. Bott. "The Yang-Mihs equations over Riemann surfaces." Philosophical 
Transactions of the Royal Society of London. Series A, Mathematical and Physical 
Sciences, 54 (1983) 523-615. DOI:10.1098/rsta.l983.0017 , 

[8] D. Bar-Natan and E. Witten. "Perturbative expansion of Chern-Simons theory with non- 
compact gauge group." Communications in Mathematical Physics, 141 (1991) 423-440. 



DOI:10.1007/BF02101513 



[9] J. S. Birman. Braids, links, and mapping class groups, volume 82 of Annals of mathematics 
studies. Princeton University Press, 1974. ISBN 9780691081496. 

[10] E. Buffenoir and K. Noui. "Unfashionable observations about three dimensional gravity.". 



2003. Preprint, ;|arXiv:gr-qc/0305079 



[11] E. Buffenoir, K. Noui, and P. Roche. "Hamiltonian quantization of Chern Simons 
theory with SL(2, C) group." Classical and Quantum Gravity, 19 (2002) 4953-5015. 
001:10.1088/0264- 9381/19/19/3"T3l|arXiv:hep-th/0202121 



35 



[12] E. Buffenoir and P. Roche. "Two dimensional lattice gauge theory based on a quantum 



group." Communications in Mathematical Physics, 170 (1995) 669-698. |DOI:10.1007/ 
•BF02099153[ |arXiv:hep-th/9405126l 



[13] E. Buffenoir and P. Roche. "Chern-Simons Theory with Sources and Dynamical Quantum 



Groups I: Canonical Analysis and Algebraic Structures.", 2005. Preprint, arXiv:hep-th/ 
,0505239. 

[14] P. de Sousa Gerbert. "On spin and (quantum) gravity in 2 + 1 dimensions." Nuclear 
Physics B, 346 (1990) 440-472. |DOI:10.1016/0550-3213(90)90288-Q( 

[15] P. A. M. Dirac. "Forms of Relativistic Dynamics." Reviews of Modern Physics, 21 (1949) 
392. |DOI:10.1103/RevModPhys.21.392^ 

[16] P. A. M. Dirac. "Generahzed Hamiltonian dynamics." Canadian Journal of Mathematics, 
2 (1950) 129-148. |DOI:10.4153/CJM-1950-012-1( 

[17] P. Etingof and O. Schiffmann. "Lectures on the dynamical Yang-Baxter equations.", 
August 1999. Preprint, arXiv:math/9908064, 

[18] P. Etingof and O. Schiffmann. "On the moduli space of classical dynamical r-matrices." 
Mathematical Research Letters, 8 (2001) 157-170. |arXiv:math/0005282, 

[19] P. Etingof and A. Varchenko. "Geometry and Classification of Solutions of the Classical 
Dynamical Yang-Baxter Equation." Communications in Mathematical Physics, 192 
(1998) 77-120. DOI:10.10 07/s 002200050292, , arXiv:q-alg/9703040 , 

[20] L. Feher. "Poisson-Lie Dynamical r-matrices from Dirac Reduction." Czechoslovak Journal 
of Physics, 54 (2004) 1265-1273. pOI:10.1007/sl0582-004-9788-9, arXiv:math/0406274| 

[21] L. Feher, A. Gabor, and B. G. Pusztai. "On dynamical r-matrices obtained from 
Dirac reduction and their generalizations to aflfine Lie algebras." Journal of Physics 



A: Mathematical and General, 34 (2001) 7235. DOL 10. 1088/0305-4470/34/36/3 13 



arXiv:math-ph/0105047 



[22] V. V. Fock and A. A. Rosly. "Poisson structure on moduli of fiat connections on Riemann 



surfaces and r-matrix." Am. Math. Soc. Transl, 191 (1999) 67-86. arXiv:math/9802054 



[23] J. Gott. "Closed timelike curves produced by pairs of moving cosmic strings: Exact 



solutions." Physical Review Letters, 66 (1991) 1126-1129. |DOI:10.1103/PhysRevLett.66 

rii26. 

[24] M. Henneaux and C. Teitelboim. Quantization of Gauge Systems. Princeton University 
Press, 1994. ISBN 0691037698. 

[25] J. M. Martin-Garcia. "xPerm: fast index canonicalization for tensor computer algebra." 
Computer Physics Communications, 179 (2008) 597-603. |DQI:10.1016/j. cpc.200 8.05.009| 
iiarXiv:0803.086 2, 

[26] C. Meusburger and K. Noui. "Combinatorial quantisation of the Euclidean torus universe." 
Nuclear Physics B, 841 (2010) 463-505. POLIO. 1016/j.nuclphysb.2010. 08. 014, arXiv:, 
11007.461,^ 



36 



[27] C. Meusburger and K. Noui. "The Hilbert space of 3d gravity: quantum group symmetries 



and observables." Adv. Theor. Math. Phys., 14 (2010) 1651-1716. arXiv:0809.2875 



[28] C. Meusburger and T. Schonfeld. "Gauge fixing in (2+l)-gravity: Dirac bracket and 



spacetime geometry." Classical and Quantum Gravity, 28 (2011) 125008. 001:10.1088/ 



0264-9381/28/12/125008 arXiv:1012.1835 



[29] C. Meusburger and B. J. Schroers. "Poisson structure and symmetry in tlie Chern-Simons 
formulation of (2 + l)-dimensional gravity." Classical and Quantum Cravity, 20 (2003) 
2193-2233. DQI:10.1088/0264-9381/20/ll/318( |arXiv:gr-qc/0301108( 

[30] C. Meusburger and B.J. Schroers. "The quantisation of Poisson structures arising in 
Chern-Simons theory with gauge group G ix g*." Adv. Theor. Math. Phys., 7 (2004) 
1003-1042. arXiv:hep-th/0310218 , 

[31] C. Meusburger and B. J. Schroers. "Mapping class group actions in Chern-Simons 
theory with gauge group G k 5*." Nuclear Physics B, 706 (2005) 569-597. DOLJ 
10.1016/j.nuclphysb.2004.10.057[|arXiv:hep-th/0312049[ 



[32] K. Noui and A. Perez. "Three-dimensional loop quantum gravity: coupling to point 



particles." Classical and Quantum Gravity, 22 (2005) 4489-4513. |DQI:10. 1088/0264-9381/ 



22/21/0051 rarXiv:gr-qc/0402111 



[33] N. Y. Reshetikhin and V. G. Turaev. "Invariants of 3-manifolds via link polynomials 



and quantum groups." Inventiones Mathematicae, 103 (1991) 547-597. DOI:10.1007/ 
,BF01239527. 

[34] O. Schiffmann. "On classification of dynamical r- matrices." Mathematical Research 
Letters, 5 (1998) 13-30. |arXiv:q-alg/9706017| 

[35] P. Stachura. "Poisson-Lie structures on Poincare and Euclidean groups in three di- 
mensions." Journal of Physics A: Mathematical and General, 31 (1998) 4555-4564. 
001:10.1088/0305-4 470/31/19/018, 

[36] E. Witten. "2 -f- 1 dimensional gravity as an exactly soluble system." Nuclear Physics B, 
311 (1988) 46-78. 001:10.1016/0550-3213(88)90143-5 , 

[37] E. Witten. "Quantum field theory and the Jones polynomial." Communications in 
Mathematical Physics, 121 (1989) 351-399. OOI:10.1007/BF01217730; 

[38] E. Witten. "Topology- Changing Amplitudes in (2-|-l)-Oimensional Gravity." Nucl. Phys., 
B323 (1989) 113. 001:10.1016/0550-3213(89)90591-9 , 

[39] E. Witten. "Quantization of Chern-Simons gauge theory with complex gauge group." 
Commun. Math. Phys., 137 (1991) 29-66. 001:10. 1007/BF02099116 . 

[40] E. Witten. "Analytic continuation of Chern-Simons theory." In J. E. Andersen, H. Boden, 
A. Hahn, and H. B., editors, "Chern-Simons Gauge Theory: 20 Years After," page 347. 
American Mathematical Society, 2011. arXiv:1001.2933[ 

[41] P. Xu. "Triangular Oynamical r-Matrices and Quantization." Advances in Mathematics, 



166 (2002) 1-49. OOI:10.1006/aima.2001.2000 arXiv:math/0005006 



37 



